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DerivativesDerivatives
Derivatives from difference tablesDerivatives from difference tables

We use the divided difference table to estimate values for We use the divided difference table to estimate values for 
derivatives. Interpolating polynomial of degree n that fits at derivatives. Interpolating polynomial of degree n that fits at 
points ppoints p00,p,p11,,……,,ppnn in terms of divided differences,in terms of divided differences,

Now we should get a polynomial that approximates the Now we should get a polynomial that approximates the 
derivative,fderivative,f’’(x), by differentiating it
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Derivatives continuedDerivatives continued

To get the error term for the above approximation, we To get the error term for the above approximation, we 
have to differentiate the error term for have to differentiate the error term for PPnn(x(x), the error term ), the error term 
forfor PPnn(x(x):):

Error of the approximation to fError of the approximation to f’’(x), when x=x(x), when x=xii, is, is

in [x,xin [x,x00,x,xnn].].

Error is not zero even when x is a tabulated value, in fact Error is not zero even when x is a tabulated value, in fact 
the error of the derivative is less at some xthe error of the derivative is less at some x--values between values between 
the pointsthe points
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Derivatives continuedDerivatives continued
Evenly spaced dataEvenly spaced data

When the data are evenly spaced, we can use a table of When the data are evenly spaced, we can use a table of 
function differences to construct the interpolating function differences to construct the interpolating 
polynomial.polynomial.

We use in terms of:We use in terms of:

in [x,xin [x,x00,x,xnn].].
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Derivatives continuedDerivatives continued

The derivative of The derivative of PPnn(s(s) should approximate ) should approximate ff’’(x)(x)

WhereWhere

When x=xWhen x=xii, s=0, s=0 in [in [xx11,,……,, xxnn].].
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Derivatives continuedDerivatives continued
Simpler formulasSimpler formulas
Forward difference approximationForward difference approximation

For an estimate of For an estimate of ff’’(x(xii), we get), we get

With one term, linearly interpolating, using a polynomial of With one term, linearly interpolating, using a polynomial of 
degree 1, we have (error is O(h))degree 1, we have (error is O(h))

With two terms, using a polynomial of degree 2, we have With two terms, using a polynomial of degree 2, we have 
(error is O(h(error is O(h22))
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Derivatives contDerivatives cont……
Central difference approximationCentral difference approximation

Assume we use a second degree polynomial that matches Assume we use a second degree polynomial that matches 
the difference table at xthe difference table at xii,x,xi+1i+1 and xand xi+2i+2 but evaluate it for but evaluate it for 
ff’’(x(xi+1i+1), using s=1, then), using s=1, then

Or in terms of the f Or in terms of the f -- values we can writevalues we can write
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Derivatives contDerivatives cont……

HigherHigher--Order DerivativesOrder Derivatives
We can develop formulas for derivatives of higher order We can develop formulas for derivatives of higher order 
based on evenly spaced databased on evenly spaced data
Difference operator:Difference operator:
Stepping operator   :Stepping operator   :
Or                           :Or                           :
Relation between E and Relation between E and : E=1+: E=1+
Differentiation operator:Differentiation operator:
Let us start with                      whereLet us start with                      where
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Derivatives contDerivatives cont……

If s=0, we get If s=0, we get 

By expanding for ln(1+By expanding for ln(1+ ), we get ), we get ff’’ii and fand f””ii

Divided differencesDivided differences
CentralCentral--difference formuladifference formula
Extrapolation techniquesExtrapolation techniques
SecondSecond--derivative computationsderivative computations
Richardson extrapolations
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Integration formulasIntegration formulas
The strategy for developing integration formula is The strategy for developing integration formula is 
similar to that for numerical differentiationsimilar to that for numerical differentiation
Polynomial is passed through the points defined by Polynomial is passed through the points defined by 
the functionthe function
Then integrate this polynomial approximation to the Then integrate this polynomial approximation to the 
function.function.
This allows to integrate a function at known valuesThis allows to integrate a function at known values

NewtonNewton--Cotes integrationCotes integration

The polynomial approximation of f(x) leads to an error The polynomial approximation of f(x) leads to an error 
given as:given as:
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NewtonNewton--Cotes integration formulasCotes integration formulas

To develop the NewtonTo develop the Newton--Cotes formulas, change the Cotes formulas, change the 
variable of integration from x to s. Also variable of integration from x to s. Also 
For any f(x), assume a polynomial For any f(x), assume a polynomial PPnn(x(xss) of degree 1 i.e ) of degree 1 i.e 
n=1n=1
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NewtonNewton--Cotes integration formula Cotes integration formula 
cont...cont...

Error in the above integration can be given asError in the above integration can be given as

Higher degree leads complexity
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NewtonNewton--Cotes integration formula Cotes integration formula 
cont...cont...

The basic NewtonThe basic Newton--Cotes formula for n=1,2,3 i.e for Cotes formula for n=1,2,3 i.e for 
linear, quadratic and cubic polynomial linear, quadratic and cubic polynomial 
approximations respectively are given below:approximations respectively are given below:
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Trapezoidal and SimpsonTrapezoidal and Simpson’’s rules rule

Trapezoidal ruleTrapezoidal rule--a composite formulaa composite formula
ApproximatingApproximating f(x)f(x) onon (x(x00,x,x11)) by a straight lineby a straight line

Romberg integrationRomberg integration
Improve accuracy of trapezoidal rule Improve accuracy of trapezoidal rule 

SimpsonSimpson’’s rules rule
NewtonNewton--Cotes formulas based on quadratic and Cotes formulas based on quadratic and 
cubic interpolating polynomials are Simpsoncubic interpolating polynomials are Simpson’’s ruless rules
QuadraticQuadratic-- SimpsonSimpson’’s    rules    rule
CubicCubic-- SimpsonSimpson’’s    rules    rule
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Trapezoidal and SimpsonTrapezoidal and Simpson’’s rule conts rule cont……

Trapezoidal ruleTrapezoidal rule--a composite formulaa composite formula
The first of the NewtonThe first of the Newton--Cotes formulas, based on Cotes formulas, based on 
approximatingapproximating f(x)f(x) onon (x(x00,x,x11)) by a straight line, is by a straight line, is 
trapezoidal ruletrapezoidal rule

For [a,b] subdivided into n subintervals of size h,
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Trapezoidal and SimpsonTrapezoidal and Simpson’’s rule conts rule cont……

x1 = a xn+1 = bx2 x3 x4 x5 x

f(x)

Trapezoidal Rule



Trapezoidal and SimpsonTrapezoidal and Simpson’’s rule conts rule cont……

Trapezoidal ruleTrapezoidal rule--a composite formula conta composite formula cont……

Local errorLocal error

Global errorGlobal error

If we assume that fIf we assume that f””(x) is continuous on (a,b), there is (x) is continuous on (a,b), there is 
some value of x in (a,b), say x=some value of x in (a,b), say x= , at which the value of the , at which the value of the 
sum in above equation is equal to n.fsum in above equation is equal to n.f””(( ), since ), since nhnh=b=b--a, the a, the 
global error becomesglobal error becomes
Global errorGlobal error

The error is of 2The error is of 2ndnd order in this case
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Romberg IntegrationRomberg Integration

We can improve the accuracy of trapezoidal rule We can improve the accuracy of trapezoidal rule 
integral by a technique that is similar to integral by a technique that is similar to 
Richardson extrapolation, this technique is known Richardson extrapolation, this technique is known 
as Romberg integrationas Romberg integration

Trapezoidal method has an error of Trapezoidal method has an error of O(hO(h22),), we can we can 
combine two estimate of the integral that have hcombine two estimate of the integral that have h--
values in a 2:1 ratio byvalues in a 2:1 ratio by

Better estimate=more accurate +       (more Better estimate=more accurate +       (more 
accurateaccurate--less accurate)less accurate)
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Trapezoidal and SimpsonTrapezoidal and Simpson’’s rules rule

SimpsonSimpson’’s rules rule
The composite NewtonThe composite Newton--Cotes formulas based on Cotes formulas based on 
quadratic and cubic interpolating polynomials are quadratic and cubic interpolating polynomials are 
known as Simpsonknown as Simpson’’s rules rule

QuadraticQuadratic-- SimpsonSimpson’’s    rules    rule
The second degree NewtonThe second degree Newton--Cotes formula Cotes formula 
integrates a quadratic over two intervals of equal integrates a quadratic over two intervals of equal 
width, hwidth, h

This formula has a local error of O(hThis formula has a local error of O(h55):):
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Trapezoidal and SimpsonTrapezoidal and Simpson’’s rules rule

QuadraticQuadratic-- SimpsonSimpson’’s    rule conts    rule cont……
For [a,b] subdivided into n (even) subintervals of For [a,b] subdivided into n (even) subintervals of 
size h,size h,

With an error ofWith an error of

We can see that the error is of 4 We can see that the error is of 4 thth orderorder
The denominator changes to 180, because we The denominator changes to 180, because we 
integrate over pairs of panels, meaning that the integrate over pairs of panels, meaning that the 
local rule is applied n/2 timeslocal rule is applied n/2 times
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Trapezoidal and SimpsonTrapezoidal and Simpson’’s rules rule

CubicCubic-- SimpsonSimpson’’s    rules    rule
The composite rule based on fitting four points The composite rule based on fitting four points 
with a cubic leads to Simpsonwith a cubic leads to Simpson’’s    rules    rule
For n=3 from NewtonFor n=3 from Newton’’s Cotes formula we gets Cotes formula we get

The local order of error is same as 1/3 rd rule, The local order of error is same as 1/3 rd rule, 
except the coefficient is largerexcept the coefficient is larger
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Trapezoidal and SimpsonTrapezoidal and Simpson’’s rules rule

CubicCubic-- SimpsonSimpson’’s    rule conts    rule cont……

To get the composite rule for [a,b] subdivided into To get the composite rule for [a,b] subdivided into 
n (n divisible by 3) subintervals of size h,n (n divisible by 3) subintervals of size h,

With an error ofWith an error of
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Extension of SimpsonExtension of Simpson’’s rule to Unequally s rule to Unequally 
spaced pointsspaced points

WhenWhen f(xf(x) is a constant, a straight line, or a ) is a constant, a straight line, or a 
second degree polynomial second degree polynomial 

The functions The functions f(xf(x)=1,)=1, f(xf(x)=x,)=x, f(xf(x)=x)=x22, are used to , are used to 
establishestablish ww11, w, w22, w, w3
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GaussianGaussian quadraturequadrature
Other formulas based on predetermined evenly spaced  xOther formulas based on predetermined evenly spaced  x
valuesvalues
Now unknowns: 3 xNow unknowns: 3 x--values and 3 weights; total 6 values and 3 weights; total 6 
unknownsunknowns
For this a polynomial of degree 5 is needed to interpolateFor this a polynomial of degree 5 is needed to interpolate
These formulas are GaussianThese formulas are Gaussian--quadraturequadrature formulasformulas
Applied when Applied when f(xf(x) is explicitly known) is explicitly known
Example: a simple case of a two term formula containing Example: a simple case of a two term formula containing 
four unknown parametersfour unknown parameters

If we let                         so thatIf we let                         so that thenthen
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Multiple integralsMultiple integrals
Weighted sum of certain functional values with one variable Weighted sum of certain functional values with one variable 
held constantheld constant
Add the weighted sum of these sumsAdd the weighted sum of these sums
If function known at the nodes of a rectangular  grid, we If function known at the nodes of a rectangular  grid, we 
use these valuesuse these values

NewtonNewton--Cotes formulas are a convenient
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Multiple integralsMultiple integrals
Double integration by numerical means Double integration by numerical means 
reduces to a double summation of weighted reduces to a double summation of weighted 
function valuesfunction values
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AssignmentsAssignments
1. Use the Taylor series method to derive expressions for1. Use the Taylor series method to derive expressions for ff‘‘(x(x))

andand ff ‘‘‘‘(x)(x) and their error terms using fand their error terms using f--values that values that 
precedeprecede ff00. ( These are called backward. ( These are called backward--differencedifference
formulas.)formulas.)

2. Evaluate the following integrals by2. Evaluate the following integrals by
(i)(i) Gauss method with 6 pointsGauss method with 6 points
(ii)(ii) Trapezoidal rule with 20 pointsTrapezoidal rule with 20 points
(iii)(iii) SimpsonSimpson’’s rule with 10 pointss rule with 10 points
Compare the results. Is it preferable to integrate backwards or Compare the results. Is it preferable to integrate backwards or 

forwards?forwards?

(a)                             (b)(a)                             (b)dxe x
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AssignmentsAssignments
3.3. Compute the integral of Compute the integral of f(xf(x)=)=sin(x)/xsin(x)/x betweenbetween x=0x=0 andand x=1x=1 usingusing

SimpsonSimpson’’s 1/3 rule with h=0.5 and then with h=0.25. from these two s 1/3 rule with h=0.5 and then with h=0.25. from these two 
results, extrapolate to get a better result. What is the order oresults, extrapolate to get a better result. What is the order of the f the 
error after the extrapolation? Compare your answer with the trueerror after the extrapolation? Compare your answer with the true
answer.answer.

4. Integrate the following over the region defined by the portio4. Integrate the following over the region defined by the portion of a unit n of a unit 
circle that lies in the first quadrant. Integrate first with rescircle that lies in the first quadrant. Integrate first with respect to pect to xx
holdingholding yy constant, using constant, using h=0.25h=0.25. subdivide the vertical lines into . subdivide the vertical lines into 
four panels.four panels.

a.a. Use the trapezoidal ruleUse the trapezoidal rule
b.b. Use SimpsonUse Simpson’’s 1/3 rules 1/3 rule

dxdyyx )2sin()cos(



AssignmentsAssignments
5. Integrate with varying values of 5. Integrate with varying values of xx andand yy using the using the 

trapezoidal rule in both directions, and show that the error trapezoidal rule in both directions, and show that the error 
decreases about in proportion to decreases about in proportion to hh22::

6. Since Simpson6. Since Simpson’’s 1/3 rule is exact when s 1/3 rule is exact when f(xf(x)) is a cubic, is a cubic, 
evaluation of the following triple integral should be exact. evaluation of the following triple integral should be exact. 
Confirm by evaluating both numerically and analytically.
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