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Derivatives

Deryatives from. dlifiierence. lables

We use the divided difference table; to estimate, values for
derivatives. Interpolating pelynomial off degree ni that fits at
POINES| Py, P1---,Pr 1N tErmS) of dividea! diffierences,

f(x)=P,(x)+ error
= flxo]+ flxg,x11(x = xp)
+ f[x0,x1,x2](x — x0)(x — x7)
+ oot fIXQs XL 5eees X5 [T (x = X;)

+ error

Now: we shoulalget a pelynemialithat approximates the
derivative, (%), by differentiating It

P, (x) = fTx0, %11+ fTx05 X1, %2 ][(x = x1) + (x — x)]

O xQ)0r = 1) (X = Xy

+ ...+ flxg,x15e-x,]
i=0 (x —x;)




Derivatives continued

lio get the error term fior the above, approximation, We
nave to diffierentiate the error term for PL (), the error term
for P.(X):

S

Error = (x — xg)(x — x1)...(x —x,,) Dl

Effor off the approximation; to (%), Whem X=X, IS

Error IS not zero even when x is'a tabulated value, in fact
the error of the derivative is less at some x-values between
the points




Derivatives continued

EVenly.spaced data

When the data are evenly spaced|, we can Use: a table; of
function: diffierences, te; construct the interpolating
pelynemial.

(x —x;)

We use in terms of: K ;

s(s—1) s(s=1)(s—2)

2
oy it 3!

P,(s) = f; +sAf; +

Ly error;




Derivatives continued

The derivative; of P_(s) should approximate /(x)

n | j—-1j-1 AJ
L+ 54T -0 AL
h =2 |k=01=0 J!

When X= XII S= O E]/'ror_( l)nhn f(n_i_l)(é:) 5 In [X]/ .y X]-

n+1




Derivatives continued

Simpler formulas
fForward. difierence approXimatiorn
For an estimate of (%), weiget

() = [Af A2 A3
f ) =18 S 8 28

1
T — Anfi ]x:xl
n

With ene term), linearly’ interpolating, using| a poelynomial of
degree 1, we have (error is O(h))

f'(xi)=%[Aﬁ]—%hf"(§),

Withr two terms, using a pelynemial off degree 2, we have
(error is O(h?%))

f(x) = {Afl Azfl} + w4 &),




Derivatives cont...

Central difference. approxXimation

ASSUME, We USe al second degree polynomial that matches
therdifference; taple’at x; X .1 andix:..> but evaluate; it for
"(X.1), Using s=1, then

JACIOE %[Afi + %Azfi:| +O(h),

Or' in terms of the - values we can write

£ (uia) = %{(fm S+ %(fm S2fi f»} + error

:lfi+2 — Ji
h 2

+ error,

error = —%hz 1O & =o0m?)




Derivatives cont...

iHigher-Order. Derivatives

We can develop formulas; fior' derivatives off RiIgher: order
pased onrevenly: spaced data

Difference operator: A (x;) =B = fiv1 — /i

Stepping operator

0)f ;

Relation between E and A: E=14 A
Djifieigeiplizlulelgielajelgzlielfs s D( /) =df /dx, D" (f)=d" /dx" (f)
Lt us start With! [iZEy

Dfys = %f(xlm - %(E%)

Ld psey 1 S £
== (B f)=—(nE)E"f




Derivatives cont...

By: expanding for In(1+A), we get ; and £

v ] 1 » | 1 4
ﬁ :;KA](;—EA]FI+§A]FI—ZA£+),

1 11 5

"—_ 2._3. _4.__5.
f; _hziAfl N+ A, 6Afl+...j,

DIVIGed. dilferences
Central-alfiererce romnula
Extrapoelation technigques
Second-derivative computations
Richardson extrapolations




Integration formulas

Tihe strategy: for developing integration formula is
similar terthat fior numerical differentiation

Pelynemial is passed threughithne points defined by,
the function

Then integrate; this polynomial appreximation: ter the
Function;

Tihis allows to integrate al function: at knewn Values
Newton=Cotes inteqration

b b
[f(x)dx = [P, (xg)dx

The polynomial approximation: ofi fi(’x) Ieads te’ an: error

IVER as:
g E b( S Jhnﬂf(nﬂ)(f)dx

Error = |

a n+1




Newton-Cotes integration formulas

variable of integration firom X to; s. Also

[ForF any (%), assuimera poelynemial P.(x:) o degree; L ite
n=1

llo develop the Newton-Cotes formulas, chanie the

[F@)de=(fy + sby)dx

0 0

s=1

=h [(fo +sBfp)ds
s=0

5 1

= Wosly + hf = | =y + o)
0

:g[ZfO +(f —fo)]=§(f0 + /1)




Newton-Cotes integration formula
cont...
Error in the aboeve; iIntegration cami be given as

X _ | . 1.2
Error= | S(Sz D2 " Eyae =1 &) j%ds

X 0
1

3 2
P PPN (Sl | I % I
=1 (61)[ - ﬂ LAG)

4
0

Higher degree leads) complexity:




Newton-Cotes integration formula
CONt...
Tihe basic Newton-Cotes formula for n=1,2,3 I.€ for

inear;, quadratic;and cubic polynomial
approximations, respectively: are given: DEIow:

X h 1 "
x{)f(x)dx = (fo+f)- Eh3f &)

J £ ()l = §<fo YAfi 4 fy) - 9—10h5f""<5>,

0

J £ ()l = %(fo SISt f) %hsfi"(é)-

0




Trapezoidal and Simpson’s rule

lrapezoidal rule-a  compoesite ermula
Appreximatingl /() on (Xz X,)/ by a straight line
ROMBErg Integration
Improve accuracy. of trapezoeidal rule

Simpsen’si rule

Newten-Cotes formulasi based on quadratic and
cubic interpolating pelynemialsi are Simpsonts; rtles

QUadratic- Simpson’s fule
Cubic- Simpson’s fule




lrapezoidal and Simpson’s rule cont...

lrapezoidal_rile=a composite. formila

Tihe; first off the Newton-Cotes formulas, based on
dpproximating /(X)) eni (X X,) by al straightline; Is
trapezoidal rule

[ pooae = LB L) 0y - 274 1),

For [a,b] subdivided: into: n subintervals of: size h,

b n
[7()de =20+ fi) =5 Ui+ fa+ o+ S+t St S

b
If(x)dng(fl S22yt 2 g+ L),




Trapezoidall and SImpson’s rule cont...




lrapezoidal and Simpson’s rule cont...

lrapezoidal rule-a. composite formula.cont...

1 3"
llocal error :_Eh I/ (&),

Globall error :_%h3[f"(.§1)+f"(§2)+...+f"(§n)],

I we assume that (%) is contintious on (a,b), there is
some value off X In (3,D), say: x=¢, at which the;value ofi the
sumyiniabove eguation’is equal torn.i (&), since nh=b-a, the
globall errer DECOMES

Global error
—(b—a)

= W f (&)= 0(h%).

———hn (@) -

The error is of 2" order in this case




Romberg Integration

We can Improve the accuracy, of trapezoidal rule
Integral by a technigue; that IS similar' to
Richardsen extrapoelation, this technigue:is kKnewn
as Romberglintegration

Trapezoidalimethod hasian: error off O~), We; can
combine two estimate ofi the integralithat have -
vValties in a 2:1 ratio; by,

Better estimate=more accurate +(more

-1
dccurate-less accurate)




Trapezoidal and Simpson’s rule

Simpson’s rule

The composite Newton-Cotes formulas based on
guadratic and cubic interpolatingl polynomials are
KAOWNI as SImMpsen's rule

Quadratic= Simpson s rule

Tihe second degree Newton-Cotes formula
Integrates al guadratic ever two intervals of equal

width, h h
f(x)dx = ;[fo 4fi+ /o]

This formula has al local error of O(h>):

1 5 (4
E =——h
rror % V(&)




Trapezoidal and Simpson’s rule

Quadratic- SImpson's. rule cont...

or [[a, b subdivided into: ni (even) subintervals of
size h,

Fde =2 (1@ +4fi + 20 + 4S5+ 2a+ ot 4fy 1 + O]

Withran erfror of

\We can see that the error Is of 4: th order

The deneminator changes tor 180, because we

Integrate over pairs off panels, meaning that the
local rule; is applied n/2 times




Trapezoidal and Simpson’s rule

Cubic- Simpson fs rule
Tihe composite rule based on; fitting feur poeints
With' a clbic;leads| o) SiImpsen's % fule

For n=3 frem Newton's, Cotes formula we get

Fdv==fo +3fi + 3£+ 1)

3 15+
E =——1h
rror == /()

Tihe local order of error isisame as 1/3 rd rule,
except the coefficient is larger




Trapezoidal and Simpson’s rule

Cubic- Simpson's rule cont...

0 get the composite; rule for [a,b] subdivided! into
n (N divisible by 3) subintervals off size h,

F(x)dx = %[f(a) SIS 430 42300435 4 2

t ot 2 3 +3f 0 +3fu_1 + f(B)]

Withran' erfror: of




Extension of Simpson’s rule tor Unegually
spaced points

When{(>)iis alconstant, a straight line, or a
second degree pelynemial

Ax,

[ f(x)dx =wy fi + wa fo + W3 /3
—Ax,

The functions 7{x)=1, 1(>¢)=X, 1(X)=X?, are used to
establisn w;, Wa, Ws




Gaussian duadrature

Other formulas based on| predetermined evenly spaced X
Values

Now unknowns: 3 x-Values and 3 weights; totall 6
UNKNOWNS

[Fox this! a’ polynemial offdegree; 5 isineeded to interpolate
Tihese formulasi are Gaussian-guadrature; fiormulas

Applied whnen (<) Is explicitly: known
Example: a simplée case off a twoi term fiormula containing

four UnRKAGWR parameters: §
g P [r®=ar@)+br@,).

(b—a)yt+b+a
[fwe let e SO that

’]f(x)dx_ ] ((b a)t+b+aj




Multiple integrals

Weighted sum off certain functional values with one variable
neld constant:

Add the weighted sum ofi these sums

[Ffunction knewn at the nedes of a rectangular grid, we
USe these Values

c

a

J[ 10 yyda = j[ ] f(x,y)dyjdx = | [ | f(w)dx]dy

Newton-Cotes formulas are arconvenient

m n
[f G, y)dxdy =3 v Xw;fj
j=1 "i=l

_ A Ax
3 2




Multiple integrals

Double integration By AUMericall means
iedUces to a double summation off weighted
function Values

1=

1 n
| f(x)dx= X a;f(x;).
1 —

1 11 n n n
[T 1oy, 2)dxdydz =% % Yaa ay f(x;, i,z )-
15141 i=1j=1k=1




Assignments

1. Use the Taylor series method te derive expressions for /(x)
and /£ (X)) andl their errox terms using f-values that
precede 7z, ((lihese areicalled backward-diffierence

fermulas:)

2. Evaluate the following| integrals by,

Gauss method! with 6: peints
Tirapezoidal rulerwith 20 poeints
Simpsoen’s, rule with 10 points

Compare the results. Isi it preferable to integrate; backwards or
forwards?

5 1

o (B o [

0 0




Assignments

3. Compute, the integral of 7{x)=sin(x)/x between x=0and x=1 using
Simpson’s 1/3f rule with h=0.5 and then, with h=0.25. from these two
results, extrapolate to get ajbetter result. What is the order of the
error after the extrapolation? Compare your answer with the true
dnNsSWer:.

4, Integrate; the following over the regioni defined by the; portion of a Unit

circle thati lies in the first quadrant. Integrate first with respect to x:
holding y.constant, using /1=0.25. subdivide the vertical lines into

four panels.

j J- cos(x)sin(2y)dxdy

Use the trapezoeidall rule
Use Simpson’s 1/3 rule




Assignments

5. Integrate with! varying values of Ax-.andl 4y using the
trapezoidal rule in both directions;, and show: that the error
decreases about inl proportion to: /7

1

j](xz + 1) dxdy

0

6. Since Simpsoen(s 1/3 rule is exact When| 7(x)'isi al cubic,
evaluation o the following trple inte?ral snould be exacts:
Confirm| by evalUuating both: numerically: and analytically:

120
j I j x’yz’dxdydz
00-1




