Computational Hydraulics

< ¥ 2 Indian Institute of Science

wmeefs” Bangalore, India

Pref. M.S:Mehan Kumar:
Department off Civill Engineering




Numerical Solution of
Ordinary Differential
Equations

Module; 6
(6 lectures)




Contents

Taylor series method

Euler and modified Euler
methods

Rungekutta method and Multi-
step method.

Application to higher order
equations

Example through open channel
and pipe flow problems



Introduction

Numerical solution: off ordinary. diffierential
eguations isfan Important teel fior selving ar nUMmBEr
off physicali real werld problems Which are
mathematically’ represented in termsi off erdinary.
differentiall eguations.

Such as spring-mass system, bending of beams,
OpPEen channel flows, pipe filows| etc.

he most off the scientific laws are; representedrin
terms of ordinary: differential eguations, so tor selve
such systems we need efificient tools




Introduction

i the difierentiall eguation contains dervatives of
nthrerder, its called nthy erder differentiall eguation.

ihe solution| of any: differential equation sheuld be
sUchi that it satisfies the differential eguation along
with' certain initial conditions on the fiunction.

[For thie nthi order eguation), N Independent initial
conditions must be; specified.




Introduction

These eguations can be solved analytically: alse, but
those are limited to, certain special fiorms off
equations

ihese eguations can: be linear or Aenlinear.

When the coefficients off these eguations are
constants, these; are linear differential equations

When the coefficients itselff are functions of
dependent variables, these are nonlinear
differential eguations




Introduction

Numerical methods are not limited to) such; standard cases,
it can' be used to;selve any: physical situations.

IR numericall methods we; getiselution'as a tabulation| of
valties of the function at Variousivalles offthe Independent:
variable and data cam be fit to some; filnctionall relationship,
Instead of exact fiunctionall relationship: as in'the analytical
methods.

The disadvantage of this methoed s that we have; to re-
compute the entire table I the initial conditions are
changed




Introduction

An equation: of the formi ay/ax=i(x;), With fi(x) given and
with' suitable initiall conditions, say. y(a), also given cami be
Integrated analytically or numerically: by the methoeds
discussed In' the previous section, suchias Simpson’s 1/3
fule.

(0 = (@) + [/ 0)dr

I /(t)'cannot be integratedl analytically: a numerical
procedure can then be employed.

The more general problem Is nonlinear and of the form
adyyax=ir(x,y), fiand y(a) given, the problem is to find y(x)
for x>a




Taylor-series method

Trayler series inf which we expand Yy about the point
X=X, IS

v (x0) >y (%)
o TR

If wel assume m
Sihce is initial condition, first term is knewn

Y(x) = ¥(x0) + ¥ (x0)(x — x0) + (x—x0)° +...

Y (xo)hz+ Y (:co)h3+m

¥(x) = y(x0) + ¥ (xo) +—

Error term off the Tlaylor series: after the h* term can
e Written as =
W@ s

5!

Error =

where 0<<é</h




Euler and modified Euler methods

I derivative is complicated, Tiaylor Series IS not
comiiortable; torUse, error IS difficult tor determine

Euler method uses first two terms of I aylor Series,
choosing i smallfeneughi to truncate the series after the
first derivative term, then

" g2
W(xg + 1) = y(xg) + ¥ (x) + 2 (‘?” ]

' 2
Yl =Vn T hy n + O(h™).




Euler and modified! Euler methods
cont...

Preblem Is' lack ol accuracy, requiring| ani extremely: small
step size

[P we; use,; the arithmetic meani of the slopes at the
DEGINMING and end off the Interval to compute V. 4

RIS assumption; gives Us aniimproved: estimate o) V. at

X1
V.1 can not be evaluated till'the true value of 'y . is
Known




Euler and modified Euler methods

Modified Euler method predicts a value of V.. by,
simple Euler relation. It then uses this Value; to
estimate V.1 givingl ani improved estimate; of . .1

Werneed to) re-correct V. .1 Value tillit makes the
diffierence negligible

We can find eut the errox ini the modified Euler
methed by comparing with: the; Tlayler series




Euler and modified Euler methods cont...

This methodi is called Euler predictor-corrector method

y (&3
6

' 1 )
J’n+1:J’n+ynh+5y nh™ +

Approximating y: by: forward difference, which has the error
off O(h):

Yn+l1 =Vn + h[y'n * %[W " O(h):lh] i 0(h3)’

' 1 ! 1 '
Y4l =Vn t+ h(y n +5yn+1 _Ey”j +O(h),

Yn+l =Vn T h[yn +2y - ] + O(h3)-




Runge-Kutta metheds

Fourth and fifth  order Runge-Kutta methods

Increment to the V: isia weighted average off twoe) estimates
off the Inerement Which canibe taken asiky and k.

Thus for the, equation: ay/ax=ry)

Yn+l = Yn +aky + bk
kl :hf(xnaJ’n)a
ky = hf (x,, + ah, y, + Blp).

Wercani think:ofi the ValUes| k7 and 45 asi estimates off the
changde in'y Wheni x advances by h, because they are the
product off the change in x and a value for the slope of the
curve, ayyax:




Runge-Kutta methods cont...

Uses Euler estimate of the! first estimate of Ay; the
other estimate s taken with x:and y/stepped up; by,
the Iractions) azand /4 off /7.andi el the earlier
estimate o 4y, k3

OUur' problemyIs terdevise a Scheme of Cheosing the
fouUr parameters' a, b, 5 We do; so; By making

EQUations... 52

Yo+l =Vn 1 (X, y5) +7f (X, V) + -

An equivalent form, Ssince
afyax=r.+1,ay/ax==r+1f; is

1 1
Y+l =Vn + Wiy + hz(afx +5fyfj

n




Runge-Kutta methods cont...

Fourth: order Runge-Kutta methods are most
widely: tsed and are derived inl similarfashion

Ihe local error term for the, 4 th order Runge-Kutta
methoed is O ;) the glebal error'would be Ofr7).

Computationally: more efficient than the modified
Euler method, because while four evaluation off the
functioni are; required rather than| two, the steps
can be many. fold [arger for the same accuracy.




Runge-Kutta methods cont...

ihe most commonly: used set; of Values leads to
the algorithm

1
Yn+l = Vn +g(k1 +2ky + 2k3 + kyg)

ki =hf (x,,¥5),

1 |
k2 :hf(xn +5h9yn +5k1)9

1 1
k3 = hf (x, +5h:yn +5k2)9

ka =hf(x,, + h,y, +k3),




Multi-step methods

Runge-kutta type methodsiare called single step method

Whenrenly: initial conditions are available, ability: tor perform
the nextistep with' ar dififerent step; size

Uses past values offy: and V- tor construct a polynomiall that
approximates; the derivative function, and! extrapolate this
Intoe) the, next interval

Tihe number off past peints that are used sets the degree of
the polynomiall and is; therefore respoensible for the
truncation erior.

The order of the method Is equal te the power off hiin the
glebal error term of the formula, WRICh IS also egual to one
more than the degree ofi the pelynomial.




Multi-step methods

Adams method, we write the differential eguation ay/ax=r1(x,y,) in the
form dy=i>x;y)dax; and Welintedriate between X and X. .

X+l X+l

Jdy=yp1 —yn=[/f(x,y)dx

xn I’l

We approximate (0x V) asi al pelynemialiin X, deriving| this by making it
fit at several past peints

Using| 3 past peints, approximate pelynomial Is'quadratic, and for 4
POINts the pelynomiallis cubic

Vore the past peints, better the accuracy, until round-ofi error Is
negligible




Multi-step methods

Suppose that we fit a second! degree polynomial through
the last three points (O, V), (5., V1) andi (X: o V), Weldet
a guadratic approximation to; the derivative function:

1

F ) = (fy =2 + Sy ) + %h(afn A4St fa)x S,

Now welintegrate BEtWEER X and X..¢- e result ISia
fermula fer the iIncrement iny.

h
Yn+l — Vn 25(231[71 —16f,_1+5/,-2)




Multi-stepr methods

We have thefiormula to; advance v

h
Vel = Vn+ 123/ =16 /1 + 5 fp2]+ O(h*)

Tihis formula resembles the single step fermulas,
N that the Increment tory isia weighted sum of
the derivativesi times the step size, but dififers in
that past Values are used rather than estimates;in
the forward direction.

We cani reduce the error by using more past
points for fitting a polynomial




Multi-stepr methods

In fact, when the derivation' is dene; for feur
POINtS torget a cubIc appreximation to
15y, the follewingl s obtained

h

Yn+l = Vn +£[55fn =591 +37 1,2 =91 3]+ O(hs)




Multi-step methods

Milnefsi methoed first predict a value fior V.., by
extrapolating the valtes for the derivative,

Diffiers firom Adamis method, as It Integrates over more
than one interval

Tihe reguired past valties computedl by Riinge-Kutta or
Tlaylor’s series method.

In' thist method, the four equi-spaced starting valles of V.
are known, at the peints’x., X, i, X, and X -

We may: apply’ quadrature fiormulal to integrate as fiollows




Multi-step methods
Milne's method

I (%)”’ = jf (x, y)dx = XTPz (x)dx
28

4h v
yn+l _yn—3 :?(2](‘71 _fn—l +2fn—2)+%h5y (é:l)




Multi-step methods

ihe above predictor formularcan be corrected by
the ellowing

I (%j”’ = jf (x, y)dx = xTPz (X)dx

h W
yn+1,c_yn—1zg(fn+l+4fn+.fn—l)_%y (52)




Multi-step methods

Adam-Moulton Method, more stable than and as
efficient as Milne method: .

Adam-Moulton predictor fiormula:

h 251

yn+1 — yn +ﬁ[55fn _59-fn—1 +37fn—2 _9ﬁ1—3]+%h5yv(§1)

Adam-Moulten corrector formulas

h 19 .
yn+1 :yn +£[9fn+l +19fn _Sf;’l—l +f;’l—2]__h5y (52)

720
The efficiency: of this method isfabout twice that
off Runge-Kutta and Runge-kutta Fehlberg
methods




Application to systems off eguations
and higher-order eguations

Generally: any: physical proplems dealsiwith a set offhigher
order diffierentiall eguations. For example, the fellowing
eguation; represents al vibrating systemiin Which' arlinear
SPring Withi spring| constantik restores a displaced mass of
Welght W' against al resisting fiorce; Wnose resistance is b
times the velocity. The 7(x,t)lis an externall forcing function

acting on the mass.

2
R Sy ST

g dt? dt




System off equations and higher-orader
eguations

Reduce to a system off simultaneous; first order eguations

[FOr @l Secondl erder eguations: thelnitial value of the
function andl its derivative;are knownii.e; the n values of
the variables or its derivatives are known, Where niis the
order off the; system.

Wheni some of the conditions are specified at the
boundaries off the specified interval, we; call it a boundary:
value problem




Systems off equations and higher-orader
eguations

By solving) fior' second derivative, We cani normally’ express
Ssecond order eguation as

Jhelinitial value of the filnction x.and Its; derivatives are
specified

We convert to' 1°¢ order' eguation as

o
— =), x(fp)=x
r Y 0 0,




Systems of equations and higher-order
eguations

Then we can write

d '

This pair of eguations is equivalent to the original 2729 order equation

[For eveni higher orders, eachiof the lower derivatives is defined as a
new: function, givingl a set ofi n first-order eguations that: correspond: to
ani nthyorder differential equation.

[For a system of higher order equations, each isi similarly’ converted, so
that a larger set ofi first order equations' results.




Systems off equations and higher-order
eguations

husithe nthrorder differentiali eguation

=,y sy,

y(‘xO) — Ala
y'(xO) — A29




Systems of equations and higher-order
eguations

Can be converted Intoer ar system: of i first-erder
differentialfeguations; by lettingl y;=y.and

Vot = Vs
V= F (X V) Vs 1))




Systems off equations and higher-orader
eguations

With initial' conditions

INow. the Tlaylor-Series method, EulerPredictor-Corrector method,
Runge-Kutta method, Runge-Kutta Fehlberg method), Adams-Moulten
and Milne methods can be used! to derive the various derivatives of the

fiunction




Examples off Open; Channel Problems

Steady: flow: through open channel

Where p'=' pressure intensity.
Steady, uniform: flow’ through openi channel

d
~(p+1)=0
7 (p+)2)

The eqguation describing the; variation off the flow
depth fior any: variation in the bottem elevationr|s
given by




Examples off Open Channel Problems

[For gradually: variedt flow,, variation of V- Withi X

Or Gradually: varied filew: canbe Written: as
Sy =Sy
- (@0?B) (g4)
[For a very:-wide: rectangular chanmel, R=y

dy _ gB(S,C°B%y> - Q%)
dx  C*(gBy> - aBQ?)




Examples of Pipe Flow: Problems

[Laminar flow;, Velocity, distrbution

Surge tank water-levell Oscillations; the dynamic
equationris




Assignments

1. Use the simple Euler method to solve for y(0.1)

With! /7=0:01. Repeat: this exercise with: the modified
Etler methoed with /7=0.025; Compare the results.

2. Determine yat x=0.2(0.2)0,6/by: the RUunge-Kutta
technigue, given that

dy 1

& x+y 0 =2




Assignments

3. Solve the fellowing simultaneous differential eguations; by
using
A fourthrerder Runge-Kuttar method
A fourth order Milne' predictor-corrector algorthm
dy dz

Y 2, = —y—xz,1(0)=0,2(0)=1.0
o Yz — ==y »(0) (0)

po)10.5>x>0.0

4. Express the third order eguation

y +ty —ty =2y=1,3(0)=y (0)=0,y (0)=1,

a set of first order equations and solve at ¢ =0.2,0.4,0.6 by
the Runge-Kuttar method (/7=0.2).




Assignments

5. Eind'y: at x=0.6, given that

y =y,y(0)=1y"(0)=-1

Begin the solutions by the llaylor-series methed, getting
WO, L0 2) y(0:3). The advance te x=0.6.employing the
Adams-Moulton technigue with! /7=0.; 1 on the equivalent set
of filrst-erder eguations.

6. Solve the pair off sSimultaneous; equations by the modified
Euler methoed for t=0.2(0.2)0.6. Recorrect until reproeduced

to three decimals.

dx dy
—=xy+t,x(0)=0,—=x—-1,y(0) =1,
= (0) 7 »(0)




