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IntroductionIntroduction

Numerical solution of ordinary differential Numerical solution of ordinary differential 
equations is an important tool for solving a number equations is an important tool for solving a number 
of physical real world problems which are of physical real world problems which are 
mathematically represented in terms of ordinary mathematically represented in terms of ordinary 
differential equations.differential equations.

Such as springSuch as spring--mass system, bending of beams, mass system, bending of beams, 
open channel flows, pipe flows etc.open channel flows, pipe flows etc.

The most of the scientific laws are represented in The most of the scientific laws are represented in 
terms of ordinary differential equations, so to solve terms of ordinary differential equations, so to solve 
such systems we need efficient tools such systems we need efficient tools 



IntroductionIntroduction

If the differential equation contains derivatives of If the differential equation contains derivatives of 
nth order, its called nth order differential equation.nth order, its called nth order differential equation.

The solution of any differential equation should be The solution of any differential equation should be 
such that it satisfies the differential equation along such that it satisfies the differential equation along 
with certain initial conditions on the function.with certain initial conditions on the function.

For the nth order equation, n independent initial For the nth order equation, n independent initial 
conditions must be specified.conditions must be specified.



IntroductionIntroduction
These equations can be solved analytically also, but These equations can be solved analytically also, but 
those are limited to certain special forms of those are limited to certain special forms of 
equationsequations

These equations can be linear or nonlinear.These equations can be linear or nonlinear.

When the coefficients of these equations are When the coefficients of these equations are 
constants, these are linear differential equationsconstants, these are linear differential equations

When the coefficients itself are functions of When the coefficients itself are functions of 
dependent variables, these are nonlinear dependent variables, these are nonlinear 
differential equationsdifferential equations



IntroductionIntroduction
Numerical methods are not limited to such standard cases, Numerical methods are not limited to such standard cases, 
it can be used to solve any physical situations.it can be used to solve any physical situations.

In numerical methods we get solution as a tabulation of In numerical methods we get solution as a tabulation of 
values of the function at various values of the independent values of the function at various values of the independent 
variable and data can be fit to some functional relationship, variable and data can be fit to some functional relationship, 
instead of exact functional relationship as in the analytical instead of exact functional relationship as in the analytical 
methods.methods.

The disadvantage of this method is that we have to reThe disadvantage of this method is that we have to re--
compute the entire table if the initial conditions are compute the entire table if the initial conditions are 
changedchanged



IntroductionIntroduction
An equation of the form An equation of the form dy/dxdy/dx==f(xf(x),), withwith f(xf(x) given and ) given and 
with suitable initial conditions, say with suitable initial conditions, say y(ay(a), also given can be ), also given can be 
integrated analytically or numerically by the methods integrated analytically or numerically by the methods 
discussed in the previous section, such as Simpsondiscussed in the previous section, such as Simpson’’s 1/3 s 1/3 
rule.rule.

IfIf f(tf(t)) cannot be integrated analytically a numerical cannot be integrated analytically a numerical 
procedure can then be employed.procedure can then be employed.

The more general problem is nonlinear and of the form The more general problem is nonlinear and of the form 
dy/dxdy/dx==f(x,yf(x,y),), f and f and y(ay(a)) given, the problem is to find given, the problem is to find y(xy(x))
for x>afor x>a
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TaylorTaylor--series methodseries method
Taylor series in which we expand y about the point Taylor series in which we expand y about the point 
x=xx=x00 isis

If we assumeIf we assume
Since         is initial condition, first term is knownSince         is initial condition, first term is known

Error  term of the Taylor series after the hError  term of the Taylor series after the h44 term can term can 
be written as be written as 

wherewhere 0<0< <h<h
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Euler and modified Euler methodsEuler and modified Euler methods

If derivative is complicated, Taylor series is not If derivative is complicated, Taylor series is not 
comfortable to use,error is difficult to determinecomfortable to use,error is difficult to determine

Euler method uses first two terms of Taylor series, Euler method uses first two terms of Taylor series, 
choosing h small enough to truncate the series after the choosing h small enough to truncate the series after the 
first derivative term, thenfirst derivative term, then
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Euler and modified Euler methods Euler and modified Euler methods 
contcont……

Problem is lack of accuracy, requiring an extremely small Problem is lack of accuracy, requiring an extremely small 
step sizestep size
If we use the arithmetic mean of the slopes at the If we use the arithmetic mean of the slopes at the 
beginning and end of the interval to compute ybeginning and end of the interval to compute yn+1n+1::

This assumption gives us an improved estimate for y at This assumption gives us an improved estimate for y at 
xxn+1n+1..
yy’’

n+1n+1 can not be evaluated till the true value of ycan not be evaluated till the true value of yn+1n+1 isis
known
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Euler and modified Euler methodsEuler and modified Euler methods

Modified Euler method predicts a value of  yModified Euler method predicts a value of  yn+1n+1 byby
simple Euler relation. It then uses this value to simple Euler relation. It then uses this value to 
estimate yestimate y’’

n+1n+1 giving an improved estimate of ygiving an improved estimate of yn+1n+1

We need to reWe need to re--correct ycorrect yn+1n+1 value till it makes the value till it makes the 
difference negligibledifference negligible

We can find out the error in the modified Euler We can find out the error in the modified Euler 
method by comparing with the Taylor seriesmethod by comparing with the Taylor series

y



Euler and modified Euler methods contEuler and modified Euler methods cont……

This method is called Euler predictorThis method is called Euler predictor--corrector methodcorrector method

Approximating yApproximating y”” by forward difference, which has the error by forward difference, which has the error 
of O(h):of O(h):
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RungeRunge--KuttaKutta methodsmethods

Fourth and fifth order Fourth and fifth order RungeRunge--KuttaKutta methodsmethods
Increment to the y is a weighted average of two estimates Increment to the y is a weighted average of two estimates 
of the increment which can be taken as kof the increment which can be taken as k11 and kand k22..
Thus for the equation Thus for the equation dy/dxdy/dx=f(x,y)=f(x,y)

We can think of the values We can think of the values kk11 andand kk22 as estimates of the as estimates of the 
change in y when x advances by h, because they are the change in y when x advances by h, because they are the 
product of the change in x and a value for the slope of the product of the change in x and a value for the slope of the 
curve,curve, dy/dxdy/dx.
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RungeRunge--KuttaKutta methods contmethods cont……

Uses Euler estimate of the first estimate of Uses Euler estimate of the first estimate of yy, the , the 
other estimate is taken with other estimate is taken with xx andand yy stepped up by stepped up by 
the fractions the fractions andand ofof hh and of the earlier and of the earlier 
estimate of estimate of y, ky, k11

Our problem is to devise a scheme of choosing the Our problem is to devise a scheme of choosing the 
four parameters four parameters a, b,a, b, ,, . We do so by making . We do so by making 
EquationsEquations……

An equivalent form, since An equivalent form, since 
df/dxdf/dx==ffxx+f+fyydy/dxdy/dx====ffxx+f+fyyff, is, is
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RungeRunge--KuttaKutta methods contmethods cont……

Fourth order Fourth order RungeRunge--KuttaKutta methods are most methods are most 
widely used and are derived in similar fashionwidely used and are derived in similar fashion

The local error term for the 4 The local error term for the 4 thth orderorder RungeRunge--KuttaKutta
method is method is O(hO(h55)) ; the global error would be ; the global error would be O(hO(h44).).

Computationally more efficient than the modified Computationally more efficient than the modified 
Euler method, because while four evaluation of the Euler method, because while four evaluation of the 
function are required rather than two, the steps function are required rather than two, the steps 
can be many fold larger for the same accuracy.can be many fold larger for the same accuracy.



RungeRunge--KuttaKutta methods contmethods cont……

The most commonly used set of values leads to The most commonly used set of values leads to 
the algorithmthe algorithm
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MultiMulti--step methodsstep methods
RungeRunge--kuttakutta type methods are called single step methodtype methods are called single step method

When only initial conditions are available, ability to perform When only initial conditions are available, ability to perform 
the next step with a different step sizethe next step with a different step size

Uses past values of y and yUses past values of y and y’’ to construct a polynomial that to construct a polynomial that 
approximates the derivative function, and extrapolate this approximates the derivative function, and extrapolate this 
into the next intervalinto the next interval

The number of past points that are used sets the degree of The number of past points that are used sets the degree of 
the polynomial and is therefore responsible for the the polynomial and is therefore responsible for the 
truncation error. truncation error. 

The order of the method is equal to the power of h in the The order of the method is equal to the power of h in the 
global error term of the formula, which is also equal to one global error term of the formula, which is also equal to one 
more than the degree of the polynomial.more than the degree of the polynomial.



MultiMulti--step methodsstep methods
Adams method, we write the differential equation Adams method, we write the differential equation dy/dxdy/dx=f(x,y)=f(x,y) in the in the 
formform dydy==f(x,y)dxf(x,y)dx,, and we integrate between and we integrate between xxnn and xand xn+1n+1::

We approximate f(x,y) as a polynomial in x, deriving this by makWe approximate f(x,y) as a polynomial in x, deriving this by making it ing it 
fit at several past pointsfit at several past points

Using 3 past points, approximate polynomial is quadratic, and foUsing 3 past points, approximate polynomial is quadratic, and for 4 r 4 
points the polynomial is cubicpoints the polynomial is cubic

More the past points, better the accuracy, until roundMore the past points, better the accuracy, until round--off error is off error is 

negligible
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MultiMulti--step methodsstep methods
Suppose that we fit a second degree polynomial through Suppose that we fit a second degree polynomial through 
the last three points (the last three points (xxnn,y,ynn),(),(xxnn--11,y,ynn--11) and () and (xxnn--22,y,ynn--22), we get ), we get 
a quadratic approximation to the derivative function:a quadratic approximation to the derivative function:

Now we integrate between Now we integrate between xxnn and xand xn+1n+1. The result is a . The result is a 
formula for the increment in y formula for the increment in y 
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MultiMulti--step methodsstep methods

We have the formula to advance y:We have the formula to advance y:

This formula resembles the single step formulas, This formula resembles the single step formulas, 
in that the increment to y is a weighted sum of in that the increment to y is a weighted sum of 
the derivatives times the step size, but differs in the derivatives times the step size, but differs in 
that past values are used rather than estimates in that past values are used rather than estimates in 
the forward direction.the forward direction.

We can reduce the error by using more past We can reduce the error by using more past 
points for fitting a polynomial 
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MultiMulti--step methodsstep methods

In fact, when the derivation is done for four In fact, when the derivation is done for four 
points to get a cubic approximation to points to get a cubic approximation to 
f(x,y)f(x,y), the following is obtained, the following is obtained
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MultiMulti--step methodsstep methods

MilneMilne’’s method first predict a value for ys method first predict a value for yn+1n+1 byby
extrapolating the values for the derivative, extrapolating the values for the derivative, 

Differs from AdamDiffers from Adam’’s method, as it integrates over more s method, as it integrates over more 
than one intervalthan one interval

The required past values computed by The required past values computed by RungeRunge--KuttaKutta oror
TaylorTaylor’’s series method.s series method.

In this method, the four In this method, the four equiequi--spaced starting values of y spaced starting values of y 
are known, at the points are known, at the points xxnn,  x,  xnn--11,, xxnn--22 andand xxnn--33

We may apply We may apply quadraturequadrature formula to integrate as followsformula to integrate as follows



MultiMulti--step methodsstep methods

MilneMilne’’s methods method

Where
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MultiMulti--step methodsstep methods

The above predictor formula can be corrected by The above predictor formula can be corrected by 
the following the following 

Where
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MultiMulti--step methodsstep methods

AdamAdam--Moulton Method, more stable than and as Moulton Method, more stable than and as 
efficient as Milne method .efficient as Milne method .
AdamAdam--Moulton predictor formula:Moulton predictor formula:

AdamAdam--Moulton corrector formula:Moulton corrector formula:

The efficiency of this method is about twice that The efficiency of this method is about twice that 
ofof RungeRunge--KuttaKutta andand RungeRunge--kuttakutta FehlbergFehlberg
methods
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Application to systems of equations Application to systems of equations 
and higherand higher--order equationsorder equations

Generally any physical problems deals with a set of higher Generally any physical problems deals with a set of higher 
order differential equations. For example, the following order differential equations. For example, the following 
equation represents a vibrating system in which a linear equation represents a vibrating system in which a linear 
spring with spring constant k restores a displaced mass of spring with spring constant k restores a displaced mass of 
weight w against a resisting force whose resistance is b weight w against a resisting force whose resistance is b 
times the velocity. The times the velocity. The f(x,t)f(x,t) is an external forcing function is an external forcing function 

acting on the mass.acting on the mass.
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System of equations and higherSystem of equations and higher--orderorder
equationsequations

Reduce to a system of simultaneous first order equationsReduce to a system of simultaneous first order equations

For a second order equations the initial value of the For a second order equations the initial value of the 
function and its derivative are known i.e the n values of function and its derivative are known i.e the n values of 
the variables or its derivatives are known, where n is the the variables or its derivatives are known, where n is the 
order of the system. order of the system. 

When some of the conditions are specified at the When some of the conditions are specified at the 
boundaries of the specified interval,  we call it a boundary boundaries of the specified interval,  we call it a boundary 
value problemvalue problem



Systems of equations and higherSystems of equations and higher--orderorder
equationsequations

By solving for second derivative, we can normally express By solving for second derivative, we can normally express 
second order equation assecond order equation as

The initial value of the function The initial value of the function xx and its derivatives are and its derivatives are 
specifiedspecified

We convert to 1We convert to 1stst order equation asorder equation as
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Systems of equations and higherSystems of equations and higher--orderorder
equationsequations

Then we can writeThen we can write

This pair of equations is equivalent to the original 2This pair of equations is equivalent to the original 2ndnd order equationorder equation

For even higher orders, each of the lower derivatives is definedFor even higher orders, each of the lower derivatives is defined as a as a 
new function, giving a set of n firstnew function, giving a set of n first--order equations that correspond to order equations that correspond to 
an nth order differential equation.an nth order differential equation.

For a system of higher order equations, each is similarly converFor a system of higher order equations, each is similarly converted, so ted, so 
that a larger set of first order equations results.
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Systems of equations and higherSystems of equations and higher--orderorder
equationsequations

Thus the nth order differential equationThus the nth order differential equation
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Systems of equations and higherSystems of equations and higher--orderorder
equationsequations

Can be converted into a system of n firstCan be converted into a system of n first--orderorder
differential equations by letting differential equations by letting yy11=y=y andand
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Systems of equations and higherSystems of equations and higher--orderorder
equationsequations

With initial conditionsWith initial conditions

Now the TaylorNow the Taylor--Series method, Euler PredictorSeries method, Euler Predictor--Corrector method, Corrector method, 
RungeRunge--KuttaKutta method,method, RungeRunge--KuttaKutta FehlbergFehlberg method, Adamsmethod, Adams--MoultonMoulton
and Milne methods can be used to derive the various derivatives and Milne methods can be used to derive the various derivatives of the of the 
function
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Examples of Open Channel ProblemsExamples of Open Channel Problems
Steady flow through open channelSteady flow through open channel

WhereWhere pp = pressure intensity= pressure intensity
Steady, uniform flow through open channelSteady, uniform flow through open channel

The equation describing the variation of the flow The equation describing the variation of the flow 
depth for any variation in the bottom elevation is depth for any variation in the bottom elevation is 
given bygiven by
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Examples of Open Channel ProblemsExamples of Open Channel Problems

For gradually varied flow, variation of y with xFor gradually varied flow, variation of y with x

Or Gradually varied flow can be written asOr Gradually varied flow can be written as

For a very wide rectangular channel, For a very wide rectangular channel, RR yy
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Examples of Pipe Flow ProblemsExamples of Pipe Flow Problems

Laminar flow, velocity distributionLaminar flow, velocity distribution

Time for flow establishment in a pipeTime for flow establishment in a pipe

Surge tank waterSurge tank water--level Oscillations, the dynamic level Oscillations, the dynamic 
equation isequation is
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AssignmentsAssignments

1. Use the simple Euler method to solve for 1. Use the simple Euler method to solve for y(0.1)y(0.1)
fromfrom

WithWith h=0.01h=0.01. Repeat this exercise with the modified . Repeat this exercise with the modified 
Euler method with Euler method with h=0.025h=0.025. Compare the results.. Compare the results.

2. Determine 2. Determine yy atat x=0.2(0.2)0.6x=0.2(0.2)0.6 by the by the RungeRunge--KuttaKutta
technique, given thattechnique, given that
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yxdx
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AssignmentsAssignments
3. Solve the following simultaneous differential equations by 3. Solve the following simultaneous differential equations by 

usingusing
(i)(i) A fourth order A fourth order RungeRunge--KuttaKutta methodmethod
(ii)(ii) A fourth order Milne predictorA fourth order Milne predictor--corrector algorithm corrector algorithm 

ForFor

4. Express the third order equation 4. Express the third order equation 

a set of first order equations and solve at a set of first order equations and solve at t =0.2,0.4,0.6t =0.2,0.4,0.6 byby
thethe RungeRunge--KuttaKutta method (method (h=0.2h=0.2).
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AssignmentsAssignments
55. Find y at . Find y at x=0.6x=0.6, given that, given that

Begin the solution by the TaylorBegin the solution by the Taylor--series method, getting series method, getting 
y(0.1),y(0.2),y(0.3).y(0.1),y(0.2),y(0.3). The advance to The advance to x=0.6x=0.6 employing the employing the 
AdamsAdams--Moulton technique with Moulton technique with h=0.1h=0.1 on the equivalent set on the equivalent set 
of firstof first--order equations.order equations.

6. Solve the pair of simultaneous equations by the modified 6. Solve the pair of simultaneous equations by the modified 
Euler method for Euler method for t=0.2(0.2)0.6t=0.2(0.2)0.6.. RecorrectRecorrect until reproduced until reproduced 
to three decimals.

1)0(',1)0(,''' yyyyy

to three decimals.
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