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Sets of linear eguations

Reallworld preblems are; presented through ai set: of
Ssimultaneous;eqguations

Solving al set: of simultaneous linear equations: NEeds
several efficient technigues

We need to represent the set off equations) through: matrix
algebra




Matrix notation

Matrix : a rectangulariarray: (n x m) o NUMBErS

Matrix Addition;
C = A+B = [a,+ b;] = [c;l, where

Matrix Multiplication;
AB = C = [a;1[b;1 = [c;], where




Matrix notation cont...

kA = C where Cjj = ka,-j

Al general relationorAx:= Ds

No.ofcols.

kZl ikre> 88 i =1,2,..., No.ofrows




Matrix notation cont...

Matrix multiplication gives set: of linear equations’ as:
dy Xyt ap Xt ay X = by,
ao XA Xo e as Xe =105

dooXq Ao Xe e a X = DL

Ini simplermatrix notation We can Write:
Ax = b, where




Matrix notation cont...

Diagonal matrix (C enly diagenall elements ofi a
sguare matrix are nonzero and all ofi-diagenal
elements are zero)

Identity: matrix (C diagonal matrix:with all
diagonall elements unity:and all ofi-diagenal

elements are Zero)
he order 4 identity, matrix IS shown below




Matrix notation cont...

Lower triangular matrix:
i all the elements, above the
diagonal are zero

Upper triangular matrix:
i all the elementsi below! the
diagonal are zero

Tri-diagonal matrix: i
NONZero elementsonly on
the diagonal and in the
position adjacent: te the
diagonal




Matrix notation cont...

Transpose, off a matrix A Examples
(AD): Rews are written as
COIUMNS! OF VIS & Versa.

Peterminant: off a square
matrix A Is given by:

A:[ml au}
az|  a

det(4) = ayjax —ax1ar2




Matrix notation cont...

Characteristic polyrnomialpuih) and e/genvales
A oOf a matrix:

Note: eigenvalles) are most important infapplied
mathematics

[For ai sguare matrix A we defing pu(h) as

Puh) = A - AL = det(A - Al),
lifwe;set py(h) = 0} selveifor tie reets, we get
eigenvaluesioff A

liTAIs mix N, then pA(L) is pelynemialloff degree
N

EIgenvector Wi is a NeNZero) Vector such that
Aw=Aw, 1.e., (A -~ 2L)w=0




Methods off solution| off set of eguations

Direct methods are those that provide the solution in a finite and pre-
determinable number of operations using an algorithm that is often
relatively complicated. These methods are useful in linear system of
equations.

DJect. meliiods ol so/lution
Gaussian elimination method

4X1— 2X2+ X3 =15
—3X1—X2+ 4X3 =8
X1— X2+ 3X3 =13

Stepi’: Using Matrix notation We can| represent the set off eguations as




Methods of selution cont...

Step2: The Augmented coefficient matrix with the right-hand side
VECLoJ

4 —2 1 15
—10 19 77

[ -72 216

Step4: The array in the upper triangular matrix represents the
eguations which after Back-substitution gives the solution the values
of X{,X5,%;5




Method! ofi solution cont...

During the triangularization: step;, iff al Zero; is
encountered on the diagonal, We can not use
that row: te eliminate; coefificients below: that:
Zero element; i that case We perfiorm: the
elermentary; row. operations

We Begin withl the previeus atigmented
matrix

N allarge set offequations multiplications
will'give very large and unwieldy: numers toe
OVErfilow the computers: register memeory, We
willFtherefiere eliminate a.,/a;; times the; first
eguation from the I th equation




Method of solution cont...

to guard against the; zero in diagonal elements,
iealrfange the eguations so as te; putithe
COefificient off largest magnitude on the diagonal at
each step: This is called Pivoting. The diagenal
elements resulted are called pivot elements:

Partiali pivoting ,, WhICh places)al Coelificient: off
larger magnitide; oni the diagoenal by rew
Interchandes only, will' guarantee a nenzere divisor:
i there isia solution of the set off equations.

The round-oefit error (chopping as wWell as rounding)
may. cause large effects. In certain cases the
COEfficients sensitive to round offi error, are called
IlI-conditioned matrix.




Method of solution cont...

LU decomposition ol A

i the; coefficient matrix A cani be decomposed
INto; lewer'and Upper triangular matrix then we
write: A=1*U, usually: we get L*U=A", where A'is
the permutation: of the rews; off A dUe to row
INterchangde from: piveting

Now: we, get det(l-*U)= det(L)*det(U)=det(U)
Then det(A)=det(U)

Gauss-Jordan method
Inr this method), the elements’above; the; diagenal
alie made zero at the same time zeros are
created below the diagonal




Method of solution cont...

Usually: diagenall elements are made; Unity,
at the same time reduction| IS; perfiormed,
this transforms) the; Coefficient matrix Into
an identity: matrix and the; column of the

FIgAt handlside transfiorms to; selUtion
VECLOK:

Pivoting| isfnermally: employeadi tor preserve
the, arithmetic accuracy




Method of solution cont...

Example:Gauss-Jordan method
Consider the atigmented matrix as

Stepl: Interchanging rows one and four, dividing| the first
oW by 6, and reducing the first columnl gives

1 016667 -1 —0.83335 1

0 1.66670 5 3.66670 —4

0 —-3.66670 4 4.33340 -—-11

0 2 0 1 0




Method of solution cont...

Step2: Interchangingl rews 2 and 3, dividing| the
2ndirow: by —3.6667, and reducing the second
column gives

—1.5000 -1.2000 1.4000
2.9999  2.2000 —2.4000
15.0000 12.4000 —-19.8000

—5.9998 -3.4000 4.8000

Step3: We divide; the 3@ riow by 15.000 and
make the other elements;in the third column
INto zeros




Method of solution cont...

0.04000 —0.58000
—0.27993  1.55990

0.82667 —1.32000

1.55990 -3.11970

Step4: now! dividejthe 4™ row! by 1.5509 and create zeres
apove; the diagonall in the fourth column

—0.49999

1.00010

0.33326

—1.99990




Method! off solution cont...

OLfier: direct IMeLods, o1 so/ution
Cholesky reduction (Doeolittle’s method)

liransfiorms; the coefficient matrix, A, Into the
product off two, matrices, IL and U, where U has
Ones| ol its main diagenal.hen LU=A cani be
WIIttEn' as

30 I3
[30 43




Method of solution cont...

The general fiormula for getting the
elements off L and U corresponding to the
coefficient matrix fior m simultaneous
eguation; can Be Written: as




Method! off solution cont...

Iterative methods consists of repeated application
of an algorithm that is usually relatively simple

lterative metihod. or sollution

cogefificient; matrix isisparse; matrix (C hias many,

ZEeros)), this methed is| rapid and- prefierred over
direct methods,

applicable to sets off nonlinear equations

Reduces computer memory: reguirements

Reduces round-off error in the solutions
computed by direct methods




Method! ofi solution cont...

wo types of Iterative methoeds: These methods are
mainly usertl in nenlinear system o equations.

Iterative Methods

Point iterative method Block iterative method

Jacobr method. Galss-Siedel Method. Successive over-relaxation method.




Methods of selution cont...

Jacopl.method.

Rearrange the set of equations to) selve for the; variable
with the largest coefficient

Example: 6x) — 2%y + x3 =11,

X1 + 2)62 — S)C3 =—1,
—2x1 + 7JC2 + 2X3 =3.
x1 =1.8333+0.3333x9 — 0.1667x3

Xy =0.7143 + 0.2857x; — 0.2857x3
x3 = 0.2000 + 0.2000x; + 0.4000x

Some; Initial guess to the values of the variables
Get the new set of values of the variables




Methods of selution cont...

Jacopl meliod.conL.,.

ihe new: set of values are supstituted in the right
nand! sides of the, set ofi equations te) get the next
approximation andi the precess! s repeated tillfthe
COMNVErgence is reached

Thus the set oif eguations cami be Written as

D =1.8333 4033335 - 0.1667x)"

WD 207143 +0.2857x") - 0.2857x("

7 =0.2000 +0.2000x{"™) +0.4000x5"




Methods of selution cont...

Gal/ss=Sieael metiod.

Rearrange the eguationsisuch that each diagonal entry.Is
larger'in magnitude than' the sum: of the magnitudes) ofi
the ether coefficients in that row! (a/agonally; doniinarit)

Make initiall guess of all Unknewns

Tihen Selve each eguation fior' unknewn, the iteration: will
CONVErge for any: starting guess valles

Repeat the process till the convergence s reached




Methods of selution cont...

Gallss=Siedel metiod. conL.,.
oK any: equiation Ax=c We can Write

Iinrthis methoed therlatest value ofi the x: are
used in the calculation: of further x:




Methods of selution cont...

Sliccessive over-relaxation method.

Tihis method rate off CORVErgence Cam e
Impreved by previding accelerators

[FOr any. equation Ax=c We cani Write



Methods off solution: cont...

SUICCESSIVE oVer-relaxalion. metiod cont...

Where determined using standard
Gauss-Siedell algoerithm

k=iteration: level,

W=acceleration parameter (>1)
AROther form




Methods of selution cont...

SUICCESsSIVeE OVer-relaxation. metiod - cont.,
Where I<w<Z2:  SOR method

O=<w=<i:"  weighted average Galss
Siedell method

Previous valtie may: be needediinrnoenlinear
proplems

It Is difficult te’ estimate w




Matrix Inversion

Sometimes) the: problem: of selving the; linear:

algebraic system! isiloosely: referred to as matrix
IAVErSIoN

Matrix Inversion means, given al sguare; matrix [A]
WIth nonzeror determinant; finding) a Second
matrix [A™] having the property that [AZ[[A]=[1],
[1] 1S the identity: matrix

[A]X=cC
x= [A1]c
[AI[AI=[T]I=[AIA]




Pathology off [inear systems

Any: physical preblem modeled by a set of linear
equations

ROUNA-0fif errors give Imperfect prediction of
physical guantities, but assukesi the existence; ofi
selution

Arbitrary’ seti off equations may: Not assure URigque
splution) such sitliation termed as pathological™

NUumber off related equations less than the number
off UNKNeWRS, NG UNique solution, etherwise unigue
solution




Pathology: off linear systems cont...

Redundant eguations’ (infinity: of Values, ofi
UNKMGWNS)

X F V=5, 2+ 2V =06
Inconsistent equations (nosselution)
X FVi=5, 22X+ 2 = T

Singuiar matiix(nx n system, no unigue solution)

NonRsiAgular matiix; COefficient matrix can: be
triangularized witheut having zeres on the diagonal

Checking Inconsistency, redundancy: and: singularity: ofi
Set of equations:

Rank of coefificient matrix (rank less than n: gives
Inconsistent, redundant and' singular system))




Solution of nenlinear systems

Most of the real world systems' are; nonlinear and! the
iepresentative system ofi algebraic eguation: are; also
nenlinear

heoretically: many: efficient solution methods are available
for linear equations), consequently the efiforts are put to
first transform any nenlinear system into linear system

Jhere are various methods available: for linearization

Method or iteration
Nonlinear systen) example:.  Baluaiay oy
Assume x=1x,y), V=a(%y)
Initial guess fior' both X and V.

Unknowns oni the; left hand side are computed iteratively.
Most recently: computed values are used! in evaluating right
nandi side




Solution ofi nonlinear systems

Sufficient condition fior ConVergence of this
procedure is

g + g <l 8_g %
ox| |oy ox| |0y

<1

Inran interval about the root that includes the!initial
guess

his method depends on the arrangement of x and
VAILE ROW X=T(X, V), and /=g (X)) are Written

Depending on this arrangement, the method may.
COnVerge or diverge




Solution of nonlinear systems

The method! of iteration cam e generalized torn
nenlinear’ eguations Withr i UNkNeWRS: 1N this Case,
theequations are arfanged as

A sufficient condition for the' iterative precess to
CONVErge! Is




Newton technique of linearization

Linear approximation of the function using a tangent to the
curve

linitial estimater x; not tee) far fifem the oot

Move along the tangent: terIts Intersection With x-axis, and
take that asithe next approximation

Continue till x-values: are; sufficiently: close; or function value

IS sufificiently: near to; zero

INewton's algoxithm Is widely: tsedl because, at least in the
near neighborhoeed! off a reet, It Is more rapidly: convergent
than any: of the other methods.

Method' is guadratically: Convergent:; error off each step
approaches a constant K times the square of the error of
the previous step.




Newton technigue off linearization

he number off decimall places oi accuracy deubles at each
teration

Problemi withi thisimethod! is that of finding| of 7(X).
Eirst derivative 7(x) can be writieni as

tand = £ (x) = L0

X0 —X]

>

We continue the calculation: by, computing

In  more generall form,




Newton-Raphson method

F(x,y)=0, G(x;y)=0
Expand thereguation, using Tayler series about X andy.

F(xy +h,yy, +k):OZF(xn:yn)+Fx(xnayn)h+Fy(xnayn)k

G(xy, + 7, +h)=0=G(xy,y,) + Gy (X, v ) + Gy(xnaJ’n)k

Assume initial guess fior X., Y-,
Compute functions, derivatives and x.,¥,, h'and K, Repeat procedure




Newton-Raphson method

[For N nenlinear eguation

Fi(xp + Axp,x9 +Axy +...+ x, + Ax,,) =0
OF OF
:Fl-(xl,xz,...,xn) +Ax1—l+Ax2 !
axl axZ

o
+...+ Ax, ok

F
ok Ax1+%Ax2 +...+ il

Ax, =—F, (x1,X7,.... X
oxp o ox, n n (X1, X2 n)




Picard’s technigue of linearization

Nonlinear equation is linearized through:
Picard’s technique ofi linearization
NewtonI technigue of linearization

ihe Picard's methed is ene ofi the most commonly,
used scheme to selve the set o nonlinear
differential equations.

e Picard'simethod usually: previde rapid
CONVEIgENCE.

A distinct advantage: of the: Picardis scheme Is the
simplicity andlless computational effort per iteration
than more sophisticated methoeds like Newton-
Raphson method.




Picard’s technigue off linearization

Iihe generall (parabolic type) equation: fer flow: in a
twor dimensionall, anisetrepici NON-NOMOJENEOUS
aguifier system Is given: by the following eguation

Using the;finite difference approximation at a
typicallinterior nede, the abeve grotnd water
eguiation reduces to

By, jhi,j-1 + Dy, jhi1,j + Ei jhi j + Fi jhivy, j + Hijhi jo =R




Picard’s technigue of linearization

Where




Picard’s technigue of linearization

Sl,]

Eij==Bij+Dij+Fij+Hij)+—

Si. iho.
’ Lj
(), + (R), + (R,

ihe Picard’s linearized form of the aboeve
eguation Is given by

+1 +1,m+1 +1 +1

| _Rn+1,m. ,
4=

Fn+1,mi9jhi+1,j T Hn_l_l,miajh l,J

l,]




Solution oft Manning's equation by: Newton's
technigue

Channell flew: isigiven; by: the following equation

Q:lS(l)/zARzm
n
Iihere Is no generall analytical selution to: Manning'sieguation
for determining the flow' depth, given the flow rate as the
flow: area A and hydraulic; radiusi R may: be complicated

functions of the flow: depth itself:.

INewton's technigue can be Iteratively: used tor give; the
numerical solution

Assume at iteration|j the flow depti V. is selected and the
flow' rate Q; is computed frrom above equation, using the
areajand hydraulic radius corresponding| tos y;




Manning's eguation by Newton's technigue

Tihis Q; is compared with the actual flow' Q
The selection offy Is done, soithat the error

Is negligibly:small
The gradient of FwW.r.t yIs

@IS a constant




Manning's equation by Newton's technigue

Assuming Manning'sin constant

3 dy

1 2 dR 1 dA
Lo, L
n

The subscript j outside the parenthesisi indicates that the contents are
evaluated for y=y:




Manning's equation by Newton's technigue

Now: the Newton's' method is as fiollows

Iterationsiare continued until there isinossignificant change
Ny, and this willrhappen when the; error fi(y) Isivery: close; to
ZEero




Manning's eguation by Newton's technigue

Newten’s method eguation| foriselvingl Manning's equation:

_ 1-0/9;
yj“_yj_(z AR 1 dA

[For a rectangular channel A=B, Y, R=B,y/(B,,+2y) where B,
S the chiannelfwidth, aliter the manipulation, the aboyve
equation cam be Writien as

) ) 1-0/0;
=y 2
S ( 5By, + 6y J

3y;(By +2y;) ;




Assignments

1. Selve the follewing set off eguations by Gauss elimination:
X +x,+x;=3

2x,+3x,+x, =6

X=Xy —X; =3

IS rew! Interchange necessary. fior the aboeve equations?

2. Selve the system  CREw i)
x—2y—6z=14,
x+6y=4,

a. Usingl the; Gauss-Jacebl method

. Using the Gauss-Siedel method. How: much; fiaster Is the
convergence tham in part (a).?




Assignments

3. Selve the fellowing system by Newten's method
o ebtain thersolution near (2.5,0:.2,1.6)

4, Beginning with(0,0,0), use relaxation| terselve

the system
O6x, —3x,+x, =11

2x,+x, —8x; =—15
X, —7x,+x, =10




Assignments

5. Findltherroots off the equation to 4 significant
digits using Newton-Raphseni method

6. Selve the fellowing simultaneoeus nenlinear
eguations using Newton-Raihson method. Use

starting| values

x>+’ =4
xy =1




