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Introduction

In applied mathematics, partial differential eguation
IS @ stbject off great Significance

hese type of equations generally involves two: or
Morendependent variables that determine; the
penavier of the dependent variable.

The partial differentiall eguations;are the
iepresentative eguations inf the fields ofi heat flow,
fuid flow,, electrical potential distribution,
electrostatics, diffusion of matter etc.




Classification of PDEs

Many: physical pRenomenon ake al function 6 moere
tham ene iIndependent variable and must be
iepresented by arpartial — differential eguation,
usually: off'second or higher order.

We can writerany: second order equation (1In twoe
INAEPERGAENt: Variakle)rask




Classification of PDEs cont...

Iihe above partiall differential eguation cani be classified
depending on the value of 57- 4AC,

Elliptic, it 52~ ZAC<0;
parabolic, ift B2 - YAC=0;
hWyperbolic, it B2~ 4AC>0.

It A, B,C are functions, of X,y,and/er U,the eguation may.

change firorm one classification| to anether atVarious POINLS
N the domain

For lLaplace’s and Poisson’s equation, 5=0, A=C=1, so
these are always elliptic PDES




Classification of PDEs cont...

1D advective-dispersive transport process IS
iepresentedt thirough parabolic eguation, WhHere
B=0, C=0, so B - 4AC=0

ID'wave equationtis represented through
hyperbolic equation;, where B=0, A=1and C=-
Tg/w; S0, B2 = GAC>0




D Approximation off PDES

One method of solution is to: replace the derivatives: by
diffierence; guotients

Diffierence equation! is Written fior' each node of the mesh

Selving these eduations gives Values of the function| at
each node of the gridi network

lLet fiI=Ax= spacing of gridi work in X-direction

ASSUME /(X)) has continueus fourth: derivative w.r.t xand V:




D Approximation: off PDES

When f'is a function of both x andly, we get the 214
partiall derivative W.r.t X, 2uy ox4, by holding V.
constant and evaltiating the function at three points
WhEre x eqgualsix:, x. £ and x /. taepartial
derivative o2u/ oyZis similarly: computed, holding x
constant.

Terselve the llaplace eguation on aiedion: in the X-
v plane, subdivide the region; withr equi-spacedtlines
parallel torx-y axes




D Approximation off PDES

o selve Laplace eguation; oni a Xy plane, consider a region
near (x; ), We approximate

Replacing the derivatives by: difference; guetients that
approximate the derivativesi at therpoint (x;, ), Weldet

2 U(Xi 1, i) = 2003 yi) + U (X1 ;)
V2u(x;, yj) = — e
(Ax)
2
(Ay)

=0




D Approximation of PDES

It Is convenient to; use deuble subscript on U te
Indicate; thex- and V- Values:

_ Mitl,j T 2Mij Ui Ml T2

C— 0.
K (Ax)> (A)?

Vzu,-

[For the)sake of simplification), It Is tisuall to) take
AXx= Ay=h
VZu, .:Lu. ot u_q U i Uy — 4 -]zO.
i,] h2 i+1,7 i—1,j i,j+l1 i,j—1 i,]
We cani notice that: five points are involved ini the
above relation, known: as five poeint star formula




D Approximation: off PDES

Llinear combination of U's IS represented symbolically: as
DElow.

Thisiapproximation has error off order O(fF) provided U/ is
sufificiently, smooth enough

We can also derive nine point formula for LLaplace’s
eguation by similar metheds te get

In this case of approximation the error is of order O(2),
provided ul s sufficiently: smooth enough




Methods ofi solution

approximation;through FD: at al set of grid peints (% V:), @
set of simultaneous linear eguations: resultsiwhichrneeds| to
e selved by Iterativermethods

Liebmanns Method.

Rearrange the FD form off |Laplace’s equation to give a
diagonally’ dominant system

hisi system is then solved by Jacobi or Guass-Seidel
terative method

he majer drawback off thissmethod s the siow
COnNVErgence Which! isiacute wnen there are a large system
Of points; DECaUSE then| each' iteration Isilengthy: and more
iterationsi are required tormeet a given tolerance.




SOR method of solution

S, O.R metnod — Accelerating. Convergence

Relaxation methodl of Seuthwell, isfar way: ofi
attaining faster ConVEergence in the iterative
method.

Relaxation| Is not adapted! te computer solution: of

SEets of equations

Based on Southwell’'s technigue, the use; of an
OVerrelaxation factor' cam give significantly: fiaster
COnNVEergence

Since we handle each equation N a standardand
repetitive order, this method Is called successive
overrelaxation (S.0.R)




SOR method of selution cont...

Applying SOR method te l-aplace’s equation' as given
pelow:

ihe above equation leads to

(k) (k+1) (k) (k+1)
D) _ Mg L T e T T

Y 4

Wernow! both addiand subtract u;™ on the right hand
side, getting

(k) (k+1) (k) (k+1) _ 4. (k)
Gy _ | Mg Ty e T T
y y 4




SOR method of solution; cont...

Tihe numerator term willf be zere when! final values, afiter
CONVErdence, are used, termiin bracket called residual®,
WRICKhI IS “relaxed to Zzero

We can consider the bracketed term in the eguation to be
anl adjustment to the oldivalue u;%¥, to give the new and
Improved value u; %)

I instead off adding the bracketed term, we add allarger
valtie (thus “oeverrelaxing”), We get a faster Convergence.

We modiiy. the above equation by Including an
overrelaxation factoer o to get the new: iterating| relation;




SOR method of solution; cont...

Tihe new iterating| relation| after overrelaxation: o, IS) as:

(k) (k+1) (k) (k+1)
S+ _ () Uiyl j TUi—,; T T

i y 4

o

Maximum| acceleration| IS obtalned for seme optimum valte
of oy which willFalways lie inf between: 1.0/t 2.0 for

laplace’s eguation




ADI method of solution

Coerficient: matrix IS sparse matrix, When an
elliptical PDE is solved! by FDrmethod

Especially inrthe; 3D case, the number off NeNZEro
coefficients Is a small fraction: of the; total, this IS

called sparseness

Tihe relative sparseness INCreases as the number
Off EgUatioNs INCreases

Iterative methods are preferred for sparse matrix,
until they have a tridiagonal structure




ADI method of selution

Mere elimination does Not preserve; the sparseness
until the matrix itselitis; tridiagonal

Ereguently’ the coefficient matrix has aiband
structlre

here is a special regularity’ fior' the nomnzero
elements

The elimination does not Introduce NoNzZero terms
outside of the limits defined by the original bands




ADI method of selution

Zeres inthe gaps between; the parallelilines
dre not preserved, though, so the; tightest
POssible bandedness Is preferred

Sometimes! It is pessible te order the, peints
50 that ar pentadiagenal matrix results

he best oifthe band structure; s tridiagonal,
With' corresponding economy. of sterage and
speed of solution.




ADI method of solution cont...

A method for the steady state; heat equation, called the alternating-
direction-implicit (A.D.1) method, results in tridiagonal matrices and: s
O growing popularity.

A.D.1 is particularly” useful in 3D problems, but the method is more
easily’ explained in twordimensions.

Wheniwe use A.D.I in 2D, we write LLaplace’s equation as

:uL—ZuO +up +uA—2uO +up _0
2 2
(Ax) (Ay)

Vzu

Where the;subscripts L R,A, and Bl indicate nodes left, right, above, and
Ifoelow the central node 0. Iff Ax= Ay, we can rearrange to the iterative
orm




ADI method of selution

[terative formi is as:

WD g GerD) () ) o () ()

Using above equation, We proceed throughi the nedes by,
OWS, solving al set off equations (tri-diagonal) that consider
the valuesiat nodesiaboyve and below: as!fixed guantities
that are put interthe RHS! off the equations

Afiter the row-wise traverse, we themn do: al similar Set of
computations But traverse the Nedes column-wWise:

WD 9 (D) | Gevd) _ L Ghel) o (kD) (o)




ADI method of selution

Tihis removes the biasi that: would be; present Iff we tse only.
the row-wise, traverse

Jhe name ADI comes firom the: fact that we alternate the
direction afiter each traverse

IS Implicit, bEcause we; do not get u, values directly but
only: threughi selving ai set off equations

Asiin other iterative methods, We, can accelerate
convergence. We introduce an acceleration factor, p, by
FEWHItING equations

u(()k+1) :u(()k) +p(u1(4k) _2u(()k) +ug«)) +p(u§k+1) _2u(()k+1) +u§ak+1))

u(()k+2) :u(()k+1) +p(u2k+1) _zu(()k+1) +u§€k+1)) +p(u1(4k+2) _2u(()k+2) +ugc+2))




ADI method of selution

Rearrangingl further tergive the tri-diagonal
systems, we get

_ ugm) N (i N zju(()kﬂ) B u%kﬂ) _ uff) B (i _ 2ju(()k) N ugc)

P P

% N 2ju(()k+2) k) k) (% ~ 2]y(()k+1) kD),




CGHS method

[ihe conjugate; Gradient (CG) method was
originally: proposed by’ Hestens and Stiefiel (1952).

Tihe gradient method selves N x Nfnonsingular
system! ofF simultaneoustlinear equations; by.
[teration process. There are vVarious! fiorms, off
conjugate gradient method

The finite diffierence approximation off the ground
Water flow geverming equation at all the I.Jfnodes
N al rectangular flew: region: (J rows and I
columns) willflead to ai set ofi I.J/ linear equations
and as many: Unknowns,




CGHS method

The I.J eguations can be written: in| the matrix

NOLALIONS as iy L

Where A'= bandedl coefficient matrix,
H= the columni vector off UnKnoWnRSs

Y= column; Vector of known guantities

Givingl ani initial guess: H: for the selution vector H
WE| Can| Write as follow.




CGHS method

Where d: Is a directioni vector, H s the
approximation ter the solution vector H at
the I thy iterative step.

A'CG method CROOSES| d; SUch|that at: each

iteration the B norm off the error Vector Is
minimized, WHIChI IS defined as




CGHS method

Inrwhichi e, ¢ IS the error at the (1f1)tn; iteration. In
the above eguationrangle bracket denotesithe
EUClidean InnEr product, Which!isidefined as

In the previous equation Biis a symmetric positive
defiinite; (spd) INNer product matrix. In the case ofi
symmetric positive definite matrix A, such as that
arising fromi the finite difference approximation of
the ground water flow equation, the tsual choice
for the inner product matrix s, 5=A




CGHS method

A symmetiric; matrix A IS said to be positive
definite 1 XxIAX>0WhEREVER X£0MWHENE X IS
any: coltimnr vector. Se: the resulting
conjugate gradient methoed minimizes the A
norm ofi the error vector: (i.€. I,

The converdence off conjugate gradient
methed dependlupen the distrbution: of
eigenvalues ot matrix A'and to; a' lesser
extend upoen the condition number [K(A)] of
the matrix. The condition AUMBEr off a
symmetric positive definite matrix IS defined

o> K(A) = Ama /i




CGHS method

Whererh o andid. . arertne; largest and smallest
eigenvalues off A respectively. When k(A) Is large,
the matrix IS said te; be ili-conditioned; 1N this case
conjugatergradient method may: Converge: slowly:

ihe condition number may: be reduced by
multiplying the systen by: ai pre-conditioning) matrix
K=1. Then the system: of linear equation given: by
the eguation... can be modified as




CGHS method

Diffierent conjugate metheds are classified
depending Upen the varieus) CAoICES of the pre-
conditioning matrix.

he choice of K matrix should bersuch that only

few calculations and net MUCh Memory. storage
are reguired In' each iteration teracnieve this. With
dl Proper choice of pre-conditioning; matrix, the
iesulting  preconditioned conjlgate gradient
methoed can be quite efficient.

A general algorithmifor the conjugate gradient
method isi given as; fiollow:




CGHS method

Initialize

H, = Arbitrary — initial — guess

Do while till the stopping criteria Is' not satisfied




CGHS method

aj =<Ssj,1; >/ < Ap;, p; >

Hi1 =H;+a;p;

— —_1-
Si+1 =K iy

bi =<Sj+1,141 >/ <sj>17 >
Pi+1=Si41 T bip;

I=1+1




CGHS method

Where 1, Is thelinitial residue vector, s, Is a
VECtor, Py Istinitial conjugate airection
VECtor, I 1,51 andip..; are the
corresponding vectors at: (IH-1)th iterative
step;, k-1 Is the preconditioning matrix and A
IS the given coefficient matrix. This

conjugate algoerithmyhas fellewing two
theoeretical properties:

(@) the value {H >0 converges to the
solution H within niiterations

(b) the CG method minimizes: |kl for all
the values of |




CGHS method

Tihere are three types of operations; that are
perfiormed by the, €CG method: Inner
Products; linear combination of Vectors and
matiix vector multiplications.

The computationall characteristics of these
OpErations have;an impact on' the diffierent
conjugate gradient methods.




Assignments

1. The equation

IS an| elliptic equation. Selve it on the unit sguare, subject to u=0 on
the boundaries. Approximate thefirst dervative by a central-
difference; approximation. Investigate the elfiect of size off Ax on
the results, to determine at wiiat size reducing It does not have
further efiiect.

2. Write and runia program for poisson’sequation. Use it tersolve
Viu=xp(x=2)(y-2)

On the region RERERAUSEYH with u=0on all

boundaries except for y=0, where u=1.0.




Assignments

5. Repeat the exercise 2, using A.D.I method. Provide the
Poisson equation as well as the boundary, conditions;as
given in the exercise 2.

4, Tihe system off equations given here (as amn augmented
matrix) cani e speeded by applyingl over-relaxation. Make

trials with varying valuies of the factor to find the; optimum
value: (In this case you willfprebably. find this ter berless
thamr unity, meaning It 1s Under-relaxed.)




