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IntroductionIntroduction

In applied mathematics, partial differential equation In applied mathematics, partial differential equation 
is a subject of great significanceis a subject of great significance

These type of equations generally involves two or These type of equations generally involves two or 
more independent variables that determine the more independent variables that determine the 
behavior of the dependent variable.behavior of the dependent variable.

The partial differential equations are the The partial differential equations are the 
representative equations in the fields of heat flow, representative equations in the fields of heat flow, 
fluid flow, electrical potential distribution, fluid flow, electrical potential distribution, 
electrostatics, diffusion of matter etc.electrostatics, diffusion of matter etc.



Classification of Classification of PDEsPDEs

Many physical phenomenon are a function of more Many physical phenomenon are a function of more 
than one independent variable and must be than one independent variable and must be 
represented by a partial represented by a partial –– differential equation, differential equation, 
usually of second or higher order.usually of second or higher order.

We can write any second order equation (in two We can write any second order equation (in two 
independent variable) as:independent variable) as:
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Classification of Classification of PDEsPDEs contcont……
The above partial differential equation can be classified The above partial differential equation can be classified 
depending on the value of depending on the value of BB22 -- 4AC4AC,,

Elliptic, if Elliptic, if BB22 -- 4AC<0;4AC<0;
parabolic, if parabolic, if BB22 -- 4AC=0;4AC=0;
hyperbolic, if hyperbolic, if BB22 -- 4AC>0.4AC>0.

IfIf A,B,CA,B,C are functions of x,y,and/or u,the equation may are functions of x,y,and/or u,the equation may 
change from one classification to another at various points change from one classification to another at various points 
in the domainin the domain

ForFor LaplaceLaplace’’ss and Poissonand Poisson’’s equation, s equation, B=0, A=C=1B=0, A=C=1, so , so 
these are always elliptic these are always elliptic PDEsPDEs
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Classification of Classification of PDEsPDEs contcont……
1D1D advectiveadvective--dispersive transport process is dispersive transport process is 
represented through parabolic equation, where represented through parabolic equation, where 
B=0, C=0B=0, C=0, so , so BB22 -- 4AC=04AC=0

1D wave equation is represented through 1D wave equation is represented through 
hyperbolic equation, where hyperbolic equation, where B=0, A=1 B=0, A=1 andand C=C=--
Tg/wTg/w,, soso BB22 -- 4AC>0
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FD Approximation of FD Approximation of PDEsPDEs

One method of solution is to replace the derivatives by One method of solution is to replace the derivatives by 
difference quotientsdifference quotients

Difference equation is written for each node of the meshDifference equation is written for each node of the mesh

Solving these equations gives values of the function at Solving these equations gives values of the function at 
each node of the grid networkeach node of the grid network

LetLet h=h= x=x= spacing of grid work in xspacing of grid work in x--directiondirection

AssumeAssume f(xf(x)) has continuous fourth derivative has continuous fourth derivative w.r.tw.r.t xx andand yy..



FD Approximation of FD Approximation of PDEsPDEs

When f is a function of both x and y, we get the 2When f is a function of both x and y, we get the 2ndnd

partial derivative w.r.t x, partial derivative w.r.t x, 22u/u/ xx22, by holding y , by holding y 
constant and evaluating the function at three points constant and evaluating the function at three points 
where x equals where x equals xxnn,, xxnn+h+h andand xxnn--hh. the partial . the partial 
derivativederivative 22u/u/ yy22 is similarly computed, holding x is similarly computed, holding x 
constant.constant.

To solve the Laplace equation on a region in the To solve the Laplace equation on a region in the xx--
yy plane, subdivide the region with plane, subdivide the region with equiequi--spaced lines spaced lines 
parallel to xparallel to x--y axesy axes



FD Approximation of FD Approximation of PDEsPDEs
To solve Laplace equation on a To solve Laplace equation on a xyxy plane, consider a region plane, consider a region 
near (near (xxii,y,yii), we approximate), we approximate

Replacing the derivatives by difference quotients that Replacing the derivatives by difference quotients that 
approximate the derivatives at the point (approximate the derivatives at the point (xxii,y,yii), we get
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FD Approximation of FD Approximation of PDEsPDEs

It is convenient to use double subscript on u to It is convenient to use double subscript on u to 
indicate the xindicate the x-- and yand y-- values:values:

For the sake of simplification, it is usual to take For the sake of simplification, it is usual to take 
x=x= y=hy=h

We can notice that five points are involved in the We can notice that five points are involved in the 
above relation, known as five point star formulaabove relation, known as five point star formula
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FD Approximation of FD Approximation of PDEsPDEs

Linear combination of Linear combination of uu’’ss is represented symbolically as is represented symbolically as 
belowbelow

This approximation has error of order This approximation has error of order O(hO(h22)),provided u is ,provided u is 
sufficiently smooth enoughsufficiently smooth enough
We can also derive nine point formula for We can also derive nine point formula for LaplaceLaplace’’ss
equation by similar methods to getequation by similar methods to get

In this case of approximation the error is of order In this case of approximation the error is of order O(hO(h66)),,
provided u is sufficiently smooth enoughprovided u is sufficiently smooth enough
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Methods of solutionMethods of solution
approximation through FD at a set of grid points (approximation through FD at a set of grid points (xxii,y,yii), a ), a 
set of simultaneous linear equations results which needs to set of simultaneous linear equations results which needs to 
be solved by be solved by Iterative methodsIterative methods

LiebmannLiebmann’’ss MethodMethod

Rearrange the FD form of Rearrange the FD form of LaplaceLaplace’’ss equation to give a equation to give a 
diagonally dominant systemdiagonally dominant system
This system is then solved by This system is then solved by JacobiJacobi oror GuassGuass--SeidelSeidel
iterative methoditerative method
The major drawback of this method is the slow The major drawback of this method is the slow 
convergence which is acute when there are a large system convergence which is acute when there are a large system 
of points, because then each iteration is lengthy and more of points, because then each iteration is lengthy and more 
iterations are required to meet a given tolerance.iterations are required to meet a given tolerance.



SOR method of solutionSOR method of solution
S.O.R method S.O.R method –– Accelerating ConvergenceAccelerating Convergence

Relaxation method of Relaxation method of SouthwellSouthwell, is a way of , is a way of 
attaining faster convergence in the iterative attaining faster convergence in the iterative 
method.method.
Relaxation is not adapted to computer solution of Relaxation is not adapted to computer solution of 
sets of equationssets of equations
Based on Based on SouthwellSouthwell’’ss technique, the use of an technique, the use of an 
overrelaxationoverrelaxation factor can give significantly faster factor can give significantly faster 
convergenceconvergence
Since we handle each equation in a standard and Since we handle each equation in a standard and 
repetitive order, this method is called repetitive order, this method is called successivesuccessive
overrelaxationoverrelaxation (S.O.R)(S.O.R)



SOR method of solution contSOR method of solution cont……
Applying SOR method to Applying SOR method to LaplaceLaplace’’ss equation as given equation as given 
below:below:

The above equation leads to The above equation leads to 

We now both add and subtractWe now both add and subtract uuijij
(k(k)) on the right hand on the right hand 

side, getting side, getting 
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SOR method of solution contSOR method of solution cont……
The numerator term will be zero when final values, after The numerator term will be zero when final values, after 
convergence, are used, term in bracket calledconvergence, are used, term in bracket called””residualresidual””,,
which is which is ““relaxedrelaxed”” to zeroto zero

We can consider the bracketed term in the equation to be We can consider the bracketed term in the equation to be 
an adjustment to the old value an adjustment to the old value uuijij

(k(k)), to give the new and , to give the new and 
improved value uimproved value uijij

(k+1)(k+1)

If instead of adding the bracketed term, we add a larger If instead of adding the bracketed term, we add a larger 
value (thus value (thus ““overrelaxingoverrelaxing””), we get a faster convergence.), we get a faster convergence.

We modify the above equation by including an We modify the above equation by including an 
overrelaxationoverrelaxation factorfactor to get the new iterating relation.to get the new iterating relation.



SOR method of solution contSOR method of solution cont……
The new iterating relation after The new iterating relation after overrelaxationoverrelaxation is as:is as:

Maximum acceleration is obtained for some optimum value Maximum acceleration is obtained for some optimum value 
ofof which will always lie in between 1.0 to 2.0 for which will always lie in between 1.0 to 2.0 for 

LaplaceLaplace’’ss equation
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ADI method of solutionADI method of solution
Coefficient matrix is sparse matrix, when an Coefficient matrix is sparse matrix, when an 
elliptical PDE is solved by FD methodelliptical PDE is solved by FD method

Especially in the 3D case, the number of nonzero Especially in the 3D case, the number of nonzero 
coefficients is a small fraction of the total, this is coefficients is a small fraction of the total, this is 
called sparsenesscalled sparseness

The relative sparseness increases as the number The relative sparseness increases as the number 
of equations increasesof equations increases

Iterative methods are preferred for sparse matrix, Iterative methods are preferred for sparse matrix, 
until they have a until they have a tridiagonaltridiagonal structurestructure



ADI method of solutionADI method of solution

Mere elimination does not preserve the sparseness Mere elimination does not preserve the sparseness 
until the matrix itself is until the matrix itself is tridiagonaltridiagonal

Frequently the coefficient matrix has a band Frequently the coefficient matrix has a band 
structurestructure

There is a special regularity for the nonzero There is a special regularity for the nonzero 
elementselements

The elimination does not introduce nonzero terms The elimination does not introduce nonzero terms 
outside of the limits defined by the original bandsoutside of the limits defined by the original bands



ADI method of solutionADI method of solution

Zeros in the gaps between the parallel lines Zeros in the gaps between the parallel lines 
are not preserved, though, so the tightest are not preserved, though, so the tightest 
possiblepossible bandednessbandedness is preferredis preferred

Sometimes it is possible to order the points Sometimes it is possible to order the points 
so that a so that a pentadiagonalpentadiagonal matrix resultsmatrix results

The best of the band structure is The best of the band structure is tridiagonaltridiagonal,,
with corresponding economy of storage and with corresponding economy of storage and 
speed of solution.speed of solution.



ADI method of solution contADI method of solution cont……
A method for the steady state heat equation, called the alternatA method for the steady state heat equation, called the alternatinging--
directiondirection--implicit (A.D.I) method, results in implicit (A.D.I) method, results in tridiagonaltridiagonal matrices and is matrices and is 
of growing popularity.of growing popularity.

A.D.I is particularly useful in 3D problems, but the method is mA.D.I is particularly useful in 3D problems, but the method is moreore
easily explained in two dimensions.easily explained in two dimensions.

When we use A.D.I in 2D, we write When we use A.D.I in 2D, we write LaplaceLaplace’’ss equation asequation as

Where the subscripts L,R,A, and B indicate nodes left, right, abWhere the subscripts L,R,A, and B indicate nodes left, right, above, and ove, and 
below the central node 0. If below the central node 0. If x=x= yy, we can rearrange to the iterative, we can rearrange to the iterative
form
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ADI method of solutionADI method of solution
Iterative form is as:Iterative form is as:

Using above equation, we proceed through the nodes by Using above equation, we proceed through the nodes by 
rows, solving a set of equations (trirows, solving a set of equations (tri--diagonal) that consider diagonal) that consider 
the values at nodes above and below as fixed quantities the values at nodes above and below as fixed quantities 
that are put into the RHS of the equations that are put into the RHS of the equations 

After the rowAfter the row--wise traverse, we then do a similar set of wise traverse, we then do a similar set of 
computations but traverse the nodes columncomputations but traverse the nodes column--wise:wise:
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ADI method of solutionADI method of solution
This removes the bias that would be present if we use only This removes the bias that would be present if we use only 
the rowthe row--wise traversewise traverse
The name ADI comes from the fact that we alternate the The name ADI comes from the fact that we alternate the 
direction after each traversedirection after each traverse
It is implicit, because we do not get uIt is implicit, because we do not get u00 values directly but values directly but 
only through solving a set of equationsonly through solving a set of equations
As in other iterative methods, we can accelerate As in other iterative methods, we can accelerate 
convergence. We introduce an acceleration factor, convergence. We introduce an acceleration factor, , by , by 
rewriting equationsrewriting equations
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ADI method of solutionADI method of solution

Rearranging further to give the triRearranging further to give the tri--diagonaldiagonal
systems, we getsystems, we get
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CGHS methodCGHS method
The conjugate Gradient (CG) method was The conjugate Gradient (CG) method was 
originally proposed by originally proposed by HestensHestens andand StiefelStiefel (1952).(1952).

The gradient method solves N x N nonsingular The gradient method solves N x N nonsingular 
system of simultaneous linear equations by system of simultaneous linear equations by 
iteration process. There are various forms of iteration process. There are various forms of 
conjugate gradient methodconjugate gradient method

The finite difference approximation of the ground The finite difference approximation of the ground 
water flow governing equation at all the I.J nodes water flow governing equation at all the I.J nodes 
in a rectangular flow region (J rows and I in a rectangular flow region (J rows and I 
columns) will lead to a set of I.J linear equations columns) will lead to a set of I.J linear equations 
and as many unknowns,and as many unknowns,



CGHS methodCGHS method

The I.J equations can be written in the matrix The I.J equations can be written in the matrix 
notations as notations as 

Where A = banded coefficient matrix,Where A = banded coefficient matrix,
H= the column vector of unknownsH= the column vector of unknowns
Y= column vector of known quantitiesY= column vector of known quantities
Giving an initial guess HGiving an initial guess Hii for the solution vector H,for the solution vector H,
we can write as followwe can write as follow

YHA

iii dHH 1



CGHS methodCGHS method

WhereWhere ddii is a direction vector, His a direction vector, Hii is the is the 
approximation to the solution vector H at approximation to the solution vector H at 
the i the i thth iterative step.iterative step.
A CG method chooses A CG method chooses ddii such that at each such that at each 
iteration the B norm of the error vector is iteration the B norm of the error vector is 
minimized, which is defined as minimized, which is defined as 

where
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CGHS methodCGHS method

In which eIn which ei+1i+1 is the error at the (i+1)th iteration. In is the error at the (i+1)th iteration. In 
the above equation angle bracket denotes the the above equation angle bracket denotes the 
Euclidean inner product, which is defined asEuclidean inner product, which is defined as

In the previous equation B is a symmetric positive In the previous equation B is a symmetric positive 
definite (definite (spdspd) inner product matrix. In the case of ) inner product matrix. In the case of 
symmetric positive definite matrix A, such as that symmetric positive definite matrix A, such as that 
arising from the finite difference approximation  of arising from the finite difference approximation  of 
the ground water flow equation, the usual choice the ground water flow equation, the usual choice 
for the inner product matrix isfor the inner product matrix is B=A
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CGHS methodCGHS method
A symmetric matrix A is said to be positive A symmetric matrix A is said to be positive 
definite if definite if xxTTAxAx>0 whenever x>0 whenever x 0 where x is 0 where x is 
any column vector. So the resulting any column vector. So the resulting 
conjugate gradient method minimizes the A conjugate gradient method minimizes the A 
norm of the error vector (i.e.norm of the error vector (i.e. ).).
The convergence of conjugate gradient The convergence of conjugate gradient 
method depend upon the distribution of method depend upon the distribution of 
eigenvalueseigenvalues of matrix A and to a lesser of matrix A and to a lesser 
extend upon the condition number [k(A)] of extend upon the condition number [k(A)] of 
the matrix. The condition number of a the matrix. The condition number of a 
symmetric positive definite matrix is defined symmetric positive definite matrix is defined 
asas

Aie 1
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CGHS methodCGHS method

WhereWhere maxmax andand minmin are the largest and smallest are the largest and smallest 
eigenvalueseigenvalues of A respectively. When k(A) is large, of A respectively. When k(A) is large, 
the matrix is said to be illthe matrix is said to be ill--conditioned, in this case conditioned, in this case 
conjugate gradient method may converge slowly.conjugate gradient method may converge slowly.

The condition number may be reduced by The condition number may be reduced by 
multiplying the system by a premultiplying the system by a pre--conditioning matrix conditioning matrix 
KK--1. Then the system of linear equation given by 1. Then the system of linear equation given by 
the equationthe equation…… can be modified as can be modified as 

YKHAK 11



CGHS methodCGHS method

Different conjugate methods are classified Different conjugate methods are classified 
depending upon the various choices of the predepending upon the various choices of the pre--
conditioning matrix.conditioning matrix.

The choice of K matrix should be such that only The choice of K matrix should be such that only 
few calculations and not much memory storage few calculations and not much memory storage 
are required in each iteration to achieve this. With are required in each iteration to achieve this. With 
a proper choice of prea proper choice of pre--conditioning matrix, the conditioning matrix, the 
resulting  preconditioned conjugate gradient resulting  preconditioned conjugate gradient 
method can be quite efficient.method can be quite efficient.

A general algorithm for the conjugate gradient A general algorithm for the conjugate gradient 
method is given as follow:method is given as follow:



CGHS methodCGHS method

InitializeInitialize

Do while till the stopping criteria is not satisfied
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Do while till the stopping criteria is not satisfied



CGHS methodCGHS method

ContCont……

End do
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CGHS methodCGHS method
Where rWhere r00 is the initial residue vector, sis the initial residue vector, s00 is a is a 
vector, pvector, p00 is initial conjugate direction is initial conjugate direction 
vector, rvector, ri+1i+1,s,si+1i+1 and pand pi+1i+1 are the are the 
corresponding vectors at (i+1)th iterative corresponding vectors at (i+1)th iterative 
step, kstep, k--1 is the preconditioning matrix and A 1 is the preconditioning matrix and A 
is the given coefficient matrix. This is the given coefficient matrix. This 
conjugate algorithm has following two conjugate algorithm has following two 
theoretical properties:theoretical properties:
(a) the value {H(a) the value {Hii}i>0 converges to the }i>0 converges to the 
solution H within n iterationssolution H within n iterations
(b) the CG method minimizes (b) the CG method minimizes for all for all 
the values of ithe values of i

HHi



CGHS methodCGHS method
There are three types of operations that are There are three types of operations that are 
performed by the CG method: inner performed by the CG method: inner 
products, linear combination of vectors and products, linear combination of vectors and 
matrix vector multiplications. matrix vector multiplications. 

The computational characteristics of these The computational characteristics of these 
operations have an impact on the different operations have an impact on the different 
conjugate gradient methods.conjugate gradient methods.



AssignmentsAssignments
1. The equation1. The equation

is an elliptic equation. Solve it on the unit square, subject tois an elliptic equation. Solve it on the unit square, subject to u=0 on u=0 on 
the boundaries. Approximate the first derivative by a centralthe boundaries. Approximate the first derivative by a central--
difference approximation. Investigate the effect of size of difference approximation. Investigate the effect of size of x on x on 
the results, to determine at what size reducing it does not havethe results, to determine at what size reducing it does not have
further effect.further effect.

2. Write and run a program for 2. Write and run a program for poissonpoisson’’ss equation. Use it to solve equation. Use it to solve 

On the region                 with u=0 on all On the region                 with u=0 on all 
boundaries except for y=0, where u=1.0.boundaries except for y=0, where u=1.0.
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AssignmentsAssignments
3.3. Repeat the exercise 2, using A.D.I method. Provide the Repeat the exercise 2, using A.D.I method. Provide the 

Poisson equation as well as the boundary conditions as Poisson equation as well as the boundary conditions as 
given in the exercise 2.given in the exercise 2.

4. The system of equations given here (as an augmented 4. The system of equations given here (as an augmented 
matrix) can be speeded by applying overmatrix) can be speeded by applying over--relaxation. Make relaxation. Make 
trials with varying values of the factor to find the optimum trials with varying values of the factor to find the optimum 
value. (In this case you will probably find this to be less value. (In this case you will probably find this to be less 
than unity, meaning it is underthan unity, meaning it is under--relaxed.)relaxed.)
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