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Basic eguations of transients

Tihe; flow: andl pressures ini ar water
distribution systemi do net remain constant
pUt fltctuate throughout the day

Wo time; scales on Which these fltlctuations
OCCUr

1. daily cycles
2. transient fitctuations




Basic eguations of transients

Continuity: eguation: applying the; law: of
Conservation off mass to the contrel velume (54
and ;)

Xy a
J =, (P +(pay), = (paV), =0

By dividing thretghout by AX as it appreach Zere,
the aboeve eguation canibe Written as

o o
— (oA +—=—(pAV) =0
at(p) ax(p )

Expandingland rearianging Variousterms, using
expressions for total derivatives, we, obtain
1dd oV
+ +—=0
Adt Ox




Basic equations ofi transients

Now we define; the bulk moedulus; of elasticity;, K, of

a fiuid asi g

o,

Tihis can be written as - ELAaay/4
dr K dt

Area ofi pipe; ~where R is the radius, of the
pipe. Hence I terms, off strain this

may. be written|as Eipyra
dtdt

Now: Using hoop stress, we; obtain _
dt 2eE dt




Basic equations off transients

Followingl the abeve eguations 6ne; can Write;

1 }d_p_o

_|_
eE/ DK | dt

2 K/p
Let usidefine T ey, WhEre alis Wave speed

WIth WRIChI pressure waves travel back and fiorth.

Substituting this expression We get the following continuity
equation




Method of characteristics

Tihe dynamic andl continuity’ eguations for flew: through' a
pipe line Is given. b

_oQ oH _f
L= ot +gA Ox = 2DA Q|Q|

Where Q=discharge through the pipe
H=piezometric head
A=area of the pipe
g=acceleration; due torgravity
a=Velocity of the wave
D=diameter of the pipe
x=distance along the pipe
t=time




Method of characteristics
TThese; equations; can be written n terms of Velocity,

lel@+a—H+
g ot Ox

R
el + (kD / pE)]




Method of characteristics

Where k=bulk modulus ofi elasticity
p=density of fiuid

E=Young's moedults of elasticity’ of
the material

Tlaking a linear combination; or L1" and A1L2,
leads to

ASSUme 7=H (L), Q=0 L)




Method off characteristics

Wiriting tetal derivatives;,

dQ _ 20, 80 dx

Tihe above two eguationssare called characteristic
equations and 279 among them; isicondition along the
characteristics




Method off characteristics

[FIgure...

Positive characteristic
line

A

Characteristic lines

Constant: head' reservoir at x=0, at x=L, valve Is
Instantaneously’ closed. Pressure wave travels in the
upstream direction.




Complex boundary condition

We may: develop: the boundary: conditions by
SEIVInG the positive; or negative eharacteristic
eguations simultaneous withr the condition impesed
Py the boundary:

Tihis condition may: be infthe form off Specifying
nead, discharde or arrelationshiprbetween; the
nead and discharge

Example: head IS constant i the case ofi a
constant level reservoir, flow'Is always Zero) at the
dead endl and the flow threugh' an orifice is related
to the head less through the orifice.




Complex beundary: condition

Constant-level upstream reservoir

[n this case It Isiassume that the water level in the
Feservolr or tank: remains at the'same' level
Independent off the flow: conditions ini the pIPEline

This Is true fer the large reservoir velume

[ the, pipe; at the upstream| end off the pIpeline is
i, then where is the elevation
ofi the water'level in the reservoir abeve the
dattim.

At the upstream end, we get the negative

Characteristic equation, FelSTEEIenExeN -




Complex beundary: condition

Constant-level downstream. reservoir

IR this case, the head atithe last node of pipe: i will
always be egual to the height of the, water leveliin
the tank above the datum, H.4:

HPi,n+1 =H,q

At the dewnstream: end, We have; the positive
characteristic equationi linking the bounaary nede
to the rest of the pipeline. We can| write

QPi,n+1 =Cp—-C,H,y




Complex beundary: condition

Dead end

At a deadiend lecated at theenadl ol pIpe |, the
dischiargeris always zero:

QPi,n+1 =0

At the last node; off pIpe I, We have; the positive
characteristicsiequation. We get

Cp

Hpj i1 = Ve
a




Complex boundary: condition

Downstream valve

IR the previous boundaries, either'the head! or
dischiarge was specified,

IHOWEVEror a Valve We Specifiy’ a relationship
petween the headllosses! through! the valve and the
discharge

Deneting| the steady-state; values by subscript 0,
the discharge throtgh a valve Is given: by the
fellowing eguation:

Qo =CyAyo+/2gH




Complex boundary: condition

\Where

C.—COEefficient of aischarge

A j=area of thevalve opening
/9=the dropiin nead

Q= a disciarnge

By assumingl that a similar relationship:is valid for
the transient: state conditions, We get

QPi,n+1 =(Cg4,)p 2g]_[Pi,nH

Where subscript P’ denotes values of Q and H at
the end of a computationall time interval




Complex boundary condition

fFrom| the above two eguations wWe can Write

H
OBi ni1 = (Qo7)*

Wihere the effective valve epening Is

T=(Cyq4d,)p (Cy4,)o

[For: the last section on pIpe I, We, have the positive
characteristic equation

2
Opin+1 +C,0pi py1 —CpC, =0




Complex boundary: condition

\WWhere

C, =(00)” (CyHo)

Solving for @p; ..., and Neglecting the negative
sign withl the radical term, we get

Opi st = 0.5(-C, +4[CZ +4C,C, )




Pipe network problems

he netwerk designing Is largely: empirical.

The main must e 1aid in; every: street alongl which
there; are; properties requiring a supply.

Mains; most: frequently: used for this are; 100 or
150mm' diameter

e nodes are pPeints of JUunction off Malns oF WHere
dl main chianges diameter.

The demands aleng each main: have tor e
estimated andi are themn appoertioned to the nedes)at
eachiend In a ratio; Which appreximated




Pipe network problems

fhere are a Iumper o1 /imitations and. aiiiicUIties
WL FESPECL 10, COmPULEr rialy/sis: Of IELWOI K
HOWS,, WIHICH) dré [ientioned below:

he limit@ation wWith' respect to the nNUMBEr: of
Mains itlisieconomic toranalyze means that
mains off 150 mm diameter andiless;ane; usually,
not Included: in' the analysisiof large systems, so
their flow: capacity’isi ignered

It IS excessively time consuming ter work out the
nodal' demands for al large; system




Pipe network problems

The nodal demandsi are estimates and may: not represent
actual demanas

LLosses, which commonly’ range frem 25% to 35% ofi the
total supply, have to be apportioned torthe nodal
demands in some arbitrary fiashien.

NG diversification| fiactor can: be applied terthe peak: heurly:

demands representing reduced peaking| on the larger
Malns since; the total' nedal demands must equallthe Input
to the system

The friction coefficients have to be estimated.

NG account is taken of the influence, off pressure atia nede
on the demand at that noede, I.e;under high ox lew.
pressure the demand IS assumed to be constant.




Governing Eguation fior Network
Analysis

Every: network has) to) satishy: the! fiollowing) equations:

1, Noede continuity, eguations — thernede continuity.
eguations state that the algebraicsum ofi allfthe
flows entering and' Ieaving a  NeAEe IS/ ZEro.

2.0(p)+2 0(p)+C(j) =0,

Wihere NJ'is the number off nedes, Q(p))Is the flow in
element p (m?2/s), C() is the consumption at node; j
(m?/s), refers to the set off elements
connected to node j.




Network Analysis

2. Energy conservation eguationsi— the energy: conservation
eguations; state that the energy less along a path equals
the diffierence in head at the starting nede and end nede

of the path;

> (Eh(p)+ 3 (Eh(p) ~[H (s(1) ~ H (e(!)] =0

Where h(p) is the head less in element p(m);, s(l) Is the
starting node of pathil, e(l) is the end of path 1, NLL s the
number of loops;, and NPATH s the number of paths other
than leopsiand refers to the pipes belonging te path
. loep! IS a speciall case; of path, wherein, the starting node
and end node are the same, making the head' lossiareund

a leop zero, that'is,

S (Eh(p)+ D (Eh(p) =0




Network Analysis

3. Element characteristics — the equations defining the
element; characteristics relate the flow: threughi the, element
to the head loss! in the element. For a pipe element, h(p) s

SN /) - R(p)0(p)°

Where R(p) Is therresistance off pipe prandl e IS the, exponent
N the headiloss equation. I Hazen-Williamsieguation: is

used, where e=1.852
R(p) = (p)

D(p)4.87CHW(p)1.852

Where LL(p) is the length of pipe p(m), D(p) Is the diameter: of
pipe p(m), and CHW (p) Is the Hazen-Williams coefficient

for pipe p.




Network Analysis

[For a pump: element, h(p)is negative as head! s gained: in the
element. The characteristics ofi the pumps element: are; defined
py: the head-discharge; relation: of the pump: s relationship
may. be expressed by a polynemial or'in an altermate; form. In
this study, the fellowingl equation Is Used.

C3(m)
h(p) = —HR(m)[CI(m) — C2(m){ Q(p) } ]

OR(m)

Where HR(m)iis the rated iead of the m-th pum Sm), QR(m)) Is
the rated discharge off m-th pump: (m3js), Ci(m), C2(m) and
C3(m) are empiricallconstants for the m-th pump: obtained
from the pump: charateristics. Here pirefiers to the element
corresponding| to the m-thr pump: If: the actual pump
characteristicsiare available, the constants C1, €2, C3imay. be
evaluated. C1 isidetermined! from the shutoffr head' as

HO(m)

Cl(m) = HR(m)




Network Analysis

Where HO(m)) is the, shutoff head ofi the m-th pump. As
n(p)=-HR(m) fior rateal flow,

Cl(m)—C2(m) =1

Erom! which) €2(m)isi determined. €3 (im) Is obtained! by,
fitting| thereguation te theractuall pump: characteristics.

[For a pipe element,
() {h(p)}( ’ H (i)~ H(j)
Rp) | Rp) -1
For Hazen-Williams equation, the above eguation; DEComEeSs

O(p)=— D)
R(p)"™|H ()~ H())




Network Analysis

Similarly fer a pump: element

1

N— H () 3o
Q(p)=(i)QR(m){ ! {a(m)iwﬂ

C2(m) HR(m)

Where outside the; parenthesis, + sign Is; used iff flow! Is

towards nede j and —sIgn IS Useadl i ilow: IS away. fifom Nede |
and, inside; the parenthesis, the + signiis used, Ifi I'is the
node downstream of the pump;and the — signi is used!ifi j IS

the node downstream of the pump.




Network Analysis

Tihe network analysis problem reduces torone; ofi selving a Set of Non-
linear algebraic equations. Tiree types of formulation' are used — the
nedal, the path and the nede and path fiermulation.

Each formulation and method of analysis has|its ewn advantagesiand
imitations: In general pathl formulation with Newton-Raphsenfmethod
gives the astest ConVEergence with minimum computer storage
requirements.

Iihe node fermulation: isiconceptually’ simple with a vVery: Convenient:
datal base, but it has not been faveoured earlier, because in
conjunction: with Newton-Raphsen; method, the convergence to the
final solution was fiound te depend critically: on: thequality: of the initial
guess solution.

Tihe node and path formulation canhave a seli starting| procedure
without the need for a guess solution, but this fermulation needs the
maxinmum computer sterage.




Node based models

Tihe node, (H) equations

The number off eguations te be selved can be reduced from
L+J-1"t0 J by combining the energy: equation fior'each pIpe
WILHI continuIty eguation.

ihe head less eguation for a single pipe canl be Written;as

Where Hi=head at ifthr node, L

K= head loss coefficient: for pipe frominode i to
node; j

Q;;= flow in pipe from node i to node j, L/t
n;=exponent in head loss equation for: pipe from i-]




Node based models

Tihe double subscript shews the nedes that: are connect by
al PIpe

Since the head less Is positive: in the direction of flow, sgn
Q;=sgn (H-H;), and we solve forQ as

1/n;
Qj =sgn(H; — H ;)(|H; _Hj‘/Kij) ’

ihe continuity equation: at nede I can be Writtenras

Wihere Q.=flow:into node il from nede K, L>/1]
U.=consumptive use at node i, /T
m.=number of pipes connected tonode I.




Node based models

Combining energy: and continuity: equations fior'each flow:in
the continuity’ equation: gives

ihe above Is arnede H equation; there isione; such eguation
oK each nede; and one Unknown H:fer each equation

ihese equations are all nonlinear

The node (H) eguations are very: convenient for systems
containing pressure; controlled devices, I.e. check valves,
pressure; reducing valves, sincel it Is easy: to fix the pressure
at the downstream end of suchia valve andi reduce the
value If the upstream pressure is not sufficient to maintain
downstream pressure




loep based models

The Loop (AQ) equations

One approach is to setting up IooEed system preblems is to
Wiilte the energy equationssinisuchia way that, for ani initial
sojution, the continuity: willbe satisfied

Tihen correct the flow: infeach leop: in suchi aiway. that the
continuity’eguations are not vielated.

This Is done; by adding a correction| to) the flow to EVery: PIpe
N the leep .

Iff there is negligibly small head loss, flow: is added around
the loop, Ifi there is'large loss, flow: is reduced

Thus the problem turnsi into finding| the correction factor AQ
suchi that each looprenergy’ equation; is satisfied




loep based models

he loop energy. equations may. be Written

F(AQ) = g’lK,- [sen(0i; + A0 0ii + A0)|" =y (R

Wihere

Q- = initiall estimate oft the fow: in: /th pipe;, L7/7:
AQ/ = correctioni to flow’ in | thileep, L/7:

;= number of pipesiin | thileep

[ = number of loops




loep based models

el @ terms areifixed for each pipe and do net chande
from one; iteration to: the next.

The AQ terms refer to the loop; infwhich the pipe falls

e flew in al pIpesis thererore @) + A@er a pipe: that lies 1n
only. one loop.

[=0) al pipe! that lies) ini severallloopsi(say. ,ai b, andic) the
flow might be

Qi +AQ, —AQp + A,




Loop based models

The negative signiin firont off b term is included
merely to iliustrate that a given: pIpe may: be
sitliated inr positive: direction;in ene leeprand:in
negative direction in'anetherieoop:

When the loep appreach Is tsed, a total off L
eguations are required as there are | Unknewns,
ONE, fior eachi loep




Solution of pipe network problems
through Newton-Raphsen method

Newton-Raphson methoed isiapplicable for the; problems
thati can be; expressed as FA(x)=0, where the selutioni s the

valtie offx that will force, E tor be zero
Tihe derivative off F canibe a expressed by

d_F_F(x+Ax)—F(x)
dx Ax

Given an Initial estimate; ofi X, the selution to the; preblemyris
the value off x+4x-that ferces Fito 0. Setting /A(x+4x)to

Zero and selving for Ax gives




Solution of pipe network problems
through Newton-Raphsen method

INew! value; off x-Ax DECOMES X fior the next iteration. Iihis
process; Is continued until F s sufficiently: close tozero

[FOr a pIpe network problem, thisfmethod can be applied to
the N-1=k, H-equations

The head (H) eguations for each node (1 through k), it'is
POssIble to Write as:

1/ n;

m; ‘H]—Hl

F(H;)= 2 |sgn(H; — Hj) ~U;=0
j=1 Kji

Where mi= numDber off pIpes connected to nede 1
U= consumptive;use at node;i, L=/T
E(1) and E(1+1) Is the value of F at ith and! (i+-1)th iteration,

frier dF = F(i + 1) — F(i)




Solution of pipe network problems
through Newton-Raphsen method

IS change can alsoe be approximated: by total
derivative

Where Af= change in H between the)ithrand
(=F=1)thriterations, L

Finding| the values off A Whichiforees F(1+1)=0.

Setting apove twe equations equall, results infa
system of k linear eguations withl k' Unknowns (A4/7)
which can: be; selved by the any: linear methods




Solution of pipe network problems

through Newton-Raphsen method

Initial guess for'H
Calculate partial derivatives' off eéach FWithl respect to each H

Solvingl the; resulting system ofi linear eguations, to; find H,
and repeating| until allfoff the; F'siare sufiiciently: close; to 0

The derivative off the terms in the previous; equation Is

given: by,




Solution of pipe network problems
threugh' Hardy-Cress method

Ihe linear theery method andl therNewten-Raphson
method canl converge to the correct: solution: rapialy:

Manualfselution errsolution onfsmall computerst may. not
DEe pessible; with these methods

IHowever, the Hardy-cross method, which dates back to

1936, can be; tised for such calculations, Inf essence, the
Hardy-Cross method Is similar'ter applying the Newton-
Raphson Methed to: one equation at ajtime

IHardy: cress method is appliedi torAQ equations although it
can be applied tor the node eguiations and' even the; filow.
equations.

The methed, when applied to the AQ eguations, requires
an initial solution which satisfies the continuity: eguation




Solution of pipe network problems
through Hardy-Cross method

Nevertheless it s still widely: used especially: for manual
sojutionsiand smallfcomputers or hand! calculators and
produces adeguate results for most problems

[For the lithrloop in a pipe network the AQ! eguation can be
Written as follews

F(AQ)) = _gllKl- [sen(0i; + A0)))0i; + AQY|" ~ dlhy =0

Where

AQ,=correction to | th loop to achieve convergence, L/

Q;=initial estimates of: flow: ini i'thi pipe (Satisfies
continuity),>/T:

m,=humber of pipes in loop |




Solution of pipe network problems
threugh Hardy-Cress method

Applying the Newten-Raphson method fior'a single eguation
gIVes

‘n—l

S Ki(Q;, +AQ|0; +AQ,
AO(k +1)=AQ — =L —
ZfKini|Qii +AQ;

i=1

|n—1

Where the k¥1 refers to the values off AQ In the (k+1) th
iteration, and all other values refier to the k thiiterations and
are omitied frem the equation fior ease off reading

The above equation isiequivalent to...
AO(k +1) = AQ(k) — F(k)/ F (k)

Sign on the @ terms depend on how. that pipe is situated in
the loop under consideration.




Assignments

1. How many AQ equations must: be set Up for a network
with' L 1oops (and pseudo-loeps), N nedes, and P pipes?
IHOW: many: H-eguations must be set tpz

2. What: are the primary. differences; between the Hardy-
Cross and Newton-Raphsen method! for solving| the AQ
equations?

3. For twoe pipes)in parallel, with Ks>K5, whatiis the
ielationship: between Ky, K; and K , the K'fior the
equivalent pipe replacing 1 and| 2 (h KQ@m)?

a. K >K,>K,
b. K >K.>K5
c. K.>K>K,




Assignments

4, Derive the folloewing momentum| equation: by applying
CONServation off momentum, for a control volume for

transient: flow’ threughi a pIpe

5. Develop the system of eguations for the following network
(consists of 8'nodes and 9 elements, out 6if Which 8 are
PIPE elementsianditihe other'is a pump: element) to find the
Valuesi ofi the specified unknewns: Also Write;ar computer

program tor solve the; system off equations.




Assignments continued

O - Node with H unknown & C known

A - Node with H known & C known
D - Node with H known & C unknown

< - Node with R unknown

H[2], H[4], H[5]
R[4], RI5]
Cl6]l, C[7], C[8]




