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Types off FD techniques

Most of the physical situation is e

presented by,

noenlinear partial  differentiall eguations! fior Which! a

closed fiorm selution: is' not availab
SImplified Cases

e except In fiew.

Severall numericall methods are available for the

Integration off sueh systems. Among these
MEethoeds, finite difference methods have been
utilized very extensively.

Derivative of al function cam be approximated by

FD quotients.




Types off FD technigues

Diffierential equation|is converted into the difference
eguation

Solution| of difference eguation| Is an| approximate;solution
of the differential eguation.

Example: /() be; a function off one INAeEPENdeEnt: Variable X.
dssume at Xq, function: be! /%), then by using Taylor
SErEes expansion, thefuUncHon 7(x;+4x) may. ve WHELEn as

(Ax)?

—— 1 (x0) + O(Ax)”

f(xg + Ax) = f(x0) + Axf (xg) +




Types off FD technigues

(x3)=ayyaxat x=x;
OAx)P: terms of third order or higher order of Ax
Similarly 7> A%) may: berexpressed as

(AX)

f(x0 = Ax) = f(x0) — Axf (x) + /" (x0) + O(Ax)?

EgUation may: be Writien' as

f(xg + Ax) = £ (x0) + A/ (x9) + O(Ax)?

Frem this eguation

af :f(xo+AX)—f(xo)+O(Ax)
dx Ax

x:in




Types off FD technigues

>/y=f(x)

B

x0-Ax x0 x0+Ax

Finite Difference Approximation




Types off FD technigues

Similari
) _ S (xp) — fxp — Ax)

. + O(Ax)

Neglecting O(AX) termsiin above equation we det
Forward: difference formulalas given: below

Both ferward and backward! difference approximation| are
first order accurate




Types off FD technigues' cont...

Subtracting the;fiorwaral laylor series From
Packward Tlayier series) reakfrange the
terms, and divider by Ax

g S0 A S - AY o

dx 2Ax

x:in

Neglecting the last term

af _ S (xp +Ax) — f(xp — Ax)
dx 2Ax

x=in




Types of FED technigques cont...

This appreximation isi refierred toias central finite difference
approximation

Efror term is of order’ Oax), known: asi second! order:
dcclrate

Central-diffierence; approximations ter derivates are; more
accurate than forward or backward approximations! [O(/)
verses O(h)]

Consider FDrapproximation for partial derivative




Types of FED technigques cont...

FUnction /(x, ) hasi twe: Independent variables; x:
and ¢

Assume uniform: grid size off Ax-.and At

Finite Difference Grid Approximation




Explicit and implicit technigues

Tihere are several possibilities fior' appreoximating the; partial
derivatives

he spatial partial derivatives) replaced in terms off the
variables at the known time; levell are referredi toas the
exp//icittinite difference

ihe spatial partial dervatives replaced infterms of the
variablesiat the unknown time level are called /mplcit finite
diffierence

k'is known time level and k41 is' the, unknown time; level.
Then ED approximation for the spatial partial derivative ,
dlfox; at the grid peint (i, k) are as follows:




Explicit and implicit technigues

Explicit finite differences
Backward:

Eorward:

Central:




Explicit and implicit technigues

Implicit finite differences

Backwalrd:

ForWard: o S -
Ox Ax

k+1 k+1
Central: o _Jim —Jin
Ox 2Ax




Explicit and implicit technigues

By the known time level we; mean| that: the
Valles off diffierent dependent Variablesare
Knewnlat this time

Werwant to compute; their values at the
Unknewn time; level

The knewn: conditions may: be the; Vallues
Speciiied asf the initialfconditions or they
may: have been computed during previous
time step




Explicit finite difference; schemes

[For the selution off hyperbolic partial differential
eguations, several explicit finite difference
SCREmEs Nave BEEN proposed

In the following section’ arnumber: of typical
schemes have been discussed Which hasiitst high
ielevance in hydraulic engineering

Unstable scheme

[For any’ unsteady: situation, we can select the
following finite-difference approximations:




Explicit finite difference, schemes

APPLEXIMations
k k
o _Jin— Jil
ox 2Ax

In the above 7refers to dependent variables

Generally: the finite difference scheme! s Inheremtly
Unstable; 1.e., computation become; unstable irfrespective of
the size of gridi spacing, so the stability’ check is an
Important part of the numerical methods.




Explicit finite difference

Diffusive scheme

schemes

Tihis scheme Is slightly: varying than the unstable scheme

This method! Is easier to program and Yie
results; fior typicall hydraulic engineering a
this methoed the partiall derivatives and ot
appreximated as, fellows:

k k
of _Jin—Jin

Ox 2Ax

ds satistactory
pplications. In

ler variables are




Explicit finite difference schemes

Where

ihese approximations are applied to the
CONSErvVation and NON-CONSERVAtIon fiorms, off the
dovering equations;off the physical sitlations:




Explicit finite difference schemes

MacCorrmack Scheme

Tihis method Is anf explicit, two-step: predictor-corrector
scheme that IS a Second order accurate Doth In space and
time and isjcapable; off capturing| the; shecks without
[Solating them

Inisimethoed has beeni applied for analyzing ene-
dimensional, unsteady, open channell fiows; by: Varous
nydraulic engineers

The general formulation for the scheme hasi been discussed
as




Explicit finite difference schemes

MacCormack Scheme cont...

wo alternative fiermulations for this scheme are
possible. In the first alternative;, backward EDrare
Uised terapproximate; the spatial partialf derivatives; in
the predicter part and forward D are utilized inr the
COKECLON: pPalt.

TThe values ofi the variables determined during the
predictor'part are; tised duking the corrector part

In the, second alternative forward FDs are used in
the predictor and backward FDrare used in the
COKFECctor part




Explicit finite difference schemes

MacCormack Scheme cont...

Generally it Is recommended to alternate the
direction of differencing| frem one time step; to the
NEXLE

TThe EDrappreximations; fior the first alternative of
this scheme; s giveni as follows. The predictor




Explicit finite difference schemes

MacCormack Scheme cont...

The subscript * refers to variables computed during
the predictor part

ihe’ corrector

thevalue ol /7 at therunknewn time: level k+17s
diven| by,




Explicit finite difference schemes

Lambda scheme

In thisischeme, the governing are. Is first transformed! into
A-form and then discretize them according to the signi of
the characteristic directions, thereby: enforcing the correct:
signal direction:

Inraniepen: channel flow, thisfallows analysisi ofi filows
aving sub- andisupercritical flows:

This scheme was propesed by Meretti (1979) and has een
Used for' the analysis off unsteady: openi channel flow! by

Fennema and Choudhry (1986)




Explicit finite difference schemes

Lambda scheme cont...
Predictor




Explicit finite difference schemes

By Using| the abeyve FDis and

and using| the values o diffierent: Variawles
computedduringl the predictor part, we ebtain the
equations for Unknown! Variables.

Tihe values at k+-1"time step may: be determined
from the fellowing equationS'




Explicit finite difference schemes

Gabutti scheme

This Is an extension; of the Lambda scheme. This allows
analysis of subrand super critical flowsiand hasi been used
for such analysis by Fennema and Chaudhry (1987)

Tihe general fiormulation for this sScheme. isicomprised of
predictor andl corrector parts and the predictor part Is
subdivided! into two parts

Tthe A-formi of the eguationssare used the partial derivatives
are replaced as follows:




Explicit finite difference; schemes

Gabutti scheme cont...

llaking inte consideration the:correct signal
direction

Predictor:

Stepl.;spatial derivatives are approximated as
fellows:




Explicit finite difference schemes

Gabutti scheme cont...
By substituting

Step2: In this part of the predictor part We use the
fellowing finite-difference approximations:




Explicit finite difference schemes

Gabutti scheme cont...

Corrector:n this part the predictedl values are used
and the corresponding values off coefficients and
approximate; the; spatial derivatives; by the following
finite differences:

Tihe values at k+1 time step may’ be determined
from the fellewing equations:

AR I TR




Implicit finite difference schemes

In: this seheme,; of Implicit finite difference, the spatial
partial derivativesi and/or the Coefficientsiare replacediin
terms of the values at the unknown! time level

The unknown variables are implicitly’ expressed in the
algebraic eguations, thisimethods are called Implicit
methods.

Several Implicit schemes have Been: usedlfor the; analysis of
unsteady openichannel flows: The schemes are; discussed
One by one.




Implicit finite difference schemes

Preissmann Scheme
Tihis method has been widely: used

ihe advantage)ofi this method IS that: the Variable spatial
grid may’ be used

Steep wave! frents may: be properly: simulated by varying| the
welghting cogefificient

This scheme alsoiyields aniexact selution off the' linearized
form off the governing eguations for al particular value of Ax
and AcL




Implicit finite difference schemes

Preissmann Scherne cont...

Generall formulation of the; partial dervatives ana
Other coefficientss are; approximated as follows:

k+1 k+1 k k
(/i T z'+J1r ) - (i + i+1)
2At

of _aUfq - A | a-ey -
ox Ax Ax

f=salfite A e a- ot i




Implicit finite difference schemes

Preissrmann Scheme

Where o, Isi a weighting ceefficient and i refers to) Unknewn
Variables and coefficients.

By selectingla suitable value for o, the scheme may: be
made totally’ explicit (o=0) or implicit: (c=0)

The scheme ! is stableiff 0.55< o<1




Assignments

. A large flat steel plate: is 2 cm thick. If the initial
temperature withinr the plate are given, asia function: ofi
the distance from one; fiace, by the equations

u=100x i 0 < x <1

=100 )

Find the temperatures as a function off x and t I beth
faces are; maintainedl at 0 degreel centigrade. The one
dimensional heat flow: eguation: isigiven: as fiollows

Take k=0.57 cp=0.455.




Assignments

2. Solve; fior the temperature at {=2.06sec In the 2-cm thick
steel slab of problem (1) i the initial temperatures: are
given by

TX

u(x,0) =100 sin (2—j

Use the explicit method withl Ax=0.25 cm. compare to: the

analvtical selution:
/ 100 e ™ "sin( 7x /2)

3. Using Crank-Nicolson methed, solve the following eguation

k
Selve thistwinen: FACIER1e =81 SUDjECt to) conditions
u(0,t) =0,u(l,t) =0,u(x,0) =20.

Tlake Ax=0.2, k=0.57 cp=0.453. solve for five time steps.




