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Types of FD techniquesTypes of FD techniques
Most of the physical situation is represented by Most of the physical situation is represented by 
nonlinear partial differential equations for which a nonlinear partial differential equations for which a 
closed form solution is not available except in few closed form solution is not available except in few 
simplified casessimplified cases

Several numerical methods are available for the Several numerical methods are available for the 
integration of such systems. Among these integration of such systems. Among these 
methods, finite difference methods have been methods, finite difference methods have been 
utilized very extensively utilized very extensively 

Derivative of a function can be approximated by Derivative of a function can be approximated by 
FD quotients.FD quotients.



Types of FD techniquesTypes of FD techniques

Differential equation is converted into the difference Differential equation is converted into the difference 
equationequation

Solution of difference equation is an approximate solution Solution of difference equation is an approximate solution 
of the differential equation.of the differential equation.

Example:Example: f(xf(x)) be a function of one independent variable x. be a function of one independent variable x. 
assume at xassume at x00, function be , function be f(xf(x00)) , then by using Taylor , then by using Taylor 
series expansion, the function series expansion, the function f(xf(x00++ x)x) may be written as may be written as 
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Types of FD techniquesTypes of FD techniques

ff’’(x(x00)=)=dy/dxdy/dx atat x=xx=x00

O(O( x)x)33: terms of third order or higher order of : terms of third order or higher order of xx
SimilarlySimilarly f(xf(x00-- x)x) may be expressed asmay be expressed as

Equation may be written as Equation may be written as 

From this equation
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Types of FD techniquesTypes of FD techniques
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Types of FD techniquesTypes of FD techniques
SimilarlySimilarly

Neglecting O(Neglecting O( x) terms in above equation we getx) terms in above equation we get
Forward difference formula as given belowForward difference formula as given below

Backward difference formula as shown belowBackward difference formula as shown below

Both forward and backward difference approximation are Both forward and backward difference approximation are 
first order accurate
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Types of FD techniques contTypes of FD techniques cont……

Subtracting the forward Taylor series From Subtracting the forward Taylor series From 
backward Taylor series, rearrange the backward Taylor series, rearrange the 
terms, and divide by terms, and divide by xx

Neglecting the last term
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Types of FD techniques contTypes of FD techniques cont……

This approximation is referred to as central finite difference This approximation is referred to as central finite difference 
approximationapproximation

Error term is of order Error term is of order O(O( x)x)22, known as second order , known as second order 
accurateaccurate

CentralCentral--difference approximations to derivates are more difference approximations to derivates are more 
accurate than forward or backward approximations [accurate than forward or backward approximations [O(hO(h22))
versesverses O(hO(h))]]

Consider FD approximation for partial derivativeConsider FD approximation for partial derivative



Types of FD techniques contTypes of FD techniques cont……
FunctionFunction f(x,tf(x,t)) has two independent variables, has two independent variables, xx
andand tt
Assume uniform grid size of Assume uniform grid size of xx andand tt
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Explicit and implicit techniquesExplicit and implicit techniques
There are several possibilities for approximating the partial There are several possibilities for approximating the partial 
derivativesderivatives

The spatial partial derivatives replaced in terms of the The spatial partial derivatives replaced in terms of the 
variables at the known time level are referred to as thevariables at the known time level are referred to as the
explicitexplicit finite differencefinite difference

The spatial partial derivatives replaced in terms of the The spatial partial derivatives replaced in terms of the 
variables at the unknown time level are called variables at the unknown time level are called implicitimplicit finitefinite
differencedifference

k is known time level and k+1 is the unknown time level. k is known time level and k+1 is the unknown time level. 
Then FD approximation for the spatial partial derivative , Then FD approximation for the spatial partial derivative , 
f/f/ xx, at the grid point (i,k) are as follows:, at the grid point (i,k) are as follows:



Explicit and implicit techniquesExplicit and implicit techniques

Explicit finite differencesExplicit finite differences
BackwardBackward::

ForwardForward::

CentralCentral:
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Explicit and implicit techniquesExplicit and implicit techniques

Implicit finite differencesImplicit finite differences

BackwardBackward::

ForwardForward::
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Explicit and implicit techniquesExplicit and implicit techniques

By the known time level we mean that the By the known time level we mean that the 
values of different dependent variables are values of different dependent variables are 
known at this time known at this time 

We want to compute their values at the We want to compute their values at the 
unknown time levelunknown time level

The known conditions may be the values The known conditions may be the values 
specified as the initial conditions or they specified as the initial conditions or they 
may have been computed during previous may have been computed during previous 
time steptime step



Explicit finite difference schemesExplicit finite difference schemes
For the solution of hyperbolic partial differential For the solution of hyperbolic partial differential 
equations, several explicit finite difference equations, several explicit finite difference 
schemes have been proposedschemes have been proposed

In the following section a number of typical In the following section a number of typical 
schemes have been discussed which has its high schemes have been discussed which has its high 
relevance in hydraulic engineeringrelevance in hydraulic engineering

Unstable schemeUnstable scheme

For any unsteady situation, we can select the For any unsteady situation, we can select the 
following finitefollowing finite--difference approximations:difference approximations:



Explicit finite difference schemesExplicit finite difference schemes

ApproximationsApproximations

In the above In the above ff refers to dependent variablesrefers to dependent variables

Generally the finite difference scheme is inherently Generally the finite difference scheme is inherently 
unstable; i.e., computation become unstable irrespective of unstable; i.e., computation become unstable irrespective of 
the size of grid spacing, so the stability check is an the size of grid spacing, so the stability check is an 
important part of the numerical methods.
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Explicit finite difference schemesExplicit finite difference schemes
Diffusive schemeDiffusive scheme

This scheme is slightly varying than the unstable scheme This scheme is slightly varying than the unstable scheme 

This method is easier to program and yields satisfactory This method is easier to program and yields satisfactory 
results for typical hydraulic engineering applications. In results for typical hydraulic engineering applications. In 
this method the partial derivatives and other variables are this method the partial derivatives and other variables are 
approximated as follows:approximated as follows:
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Explicit finite difference schemesExplicit finite difference schemes

wherewhere

These approximations are applied to the These approximations are applied to the 
conservation and nonconservation and non--conservation forms of the conservation forms of the 
governing equations of the physical situations.
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Explicit finite difference schemesExplicit finite difference schemes

MacCormackMacCormack SchemeScheme

This method is an explicit, twoThis method is an explicit, two--step predictorstep predictor--correctorcorrector
scheme that is a second order accurate both in space and scheme that is a second order accurate both in space and 
time and is capable of capturing the shocks without time and is capable of capturing the shocks without 
isolating themisolating them

This method has been applied for analyzing oneThis method has been applied for analyzing one--
dimensional, unsteady, open channel flows by various dimensional, unsteady, open channel flows by various 
hydraulic engineers hydraulic engineers 

The general formulation for the scheme has been discussed The general formulation for the scheme has been discussed 
asas



Explicit finite difference schemesExplicit finite difference schemes
MacCormackMacCormack Scheme contScheme cont……

Two alternative formulations for this scheme are Two alternative formulations for this scheme are 
possible. In the first alternative, backward FD are possible. In the first alternative, backward FD are 
used to approximate the spatial partial derivatives in used to approximate the spatial partial derivatives in 
the predictor part and forward FD are utilized in the the predictor part and forward FD are utilized in the 
corrector part.corrector part.

The values of the variables determined during the The values of the variables determined during the 
predictor part are used during the corrector partpredictor part are used during the corrector part

In the second alternative  forward In the second alternative  forward FDsFDs are used in are used in 
the predictor and backward FD are used in the the predictor and backward FD are used in the 
corrector partcorrector part



Explicit finite difference schemesExplicit finite difference schemes

MacCormackMacCormack Scheme contScheme cont……
Generally it is recommended to alternate the Generally it is recommended to alternate the 
direction of differencing from one time step to the direction of differencing from one time step to the 
nextnext

The FD approximations for the first alternative of The FD approximations for the first alternative of 
this scheme is given as follows. The this scheme is given as follows. The predictorpredictor
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Explicit finite difference schemesExplicit finite difference schemes

MacCormackMacCormack Scheme contScheme cont……
The subscript * refers to variables computed during The subscript * refers to variables computed during 
the predictor partthe predictor part
TheThe correctorcorrector

the value of the value of ffii at the unknown time level k+1 is at the unknown time level k+1 is 
given by given by 
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Explicit finite difference schemesExplicit finite difference schemes
Lambda schemeLambda scheme

In this scheme, the governing are is first transformed into In this scheme, the governing are is first transformed into 
--form and then form and then discretizediscretize them according to the sign of them according to the sign of 

the characteristic directions, thereby enforcing the correct the characteristic directions, thereby enforcing the correct 
signal direction.signal direction.

In an open channel flow, this allows analysis of flows In an open channel flow, this allows analysis of flows 
having subhaving sub-- and supercritical flows.and supercritical flows.

This scheme was proposed by This scheme was proposed by MorettiMoretti (1979) and has been (1979) and has been 
used for the analysis of unsteady open channel flow by used for the analysis of unsteady open channel flow by 
FennemaFennema andand ChoudhryChoudhry (1986)(1986)



Explicit finite difference schemesExplicit finite difference schemes

Lambda scheme contLambda scheme cont……
PredictorPredictor

Corrector
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Explicit finite difference schemesExplicit finite difference schemes

By using the above FD s andBy using the above FD s and

and using the values of different variables and using the values of different variables 
computed during the predictor part, we obtain the computed during the predictor part, we obtain the 
equations for unknown variables.equations for unknown variables.

The values at k+1 time step may be determined The values at k+1 time step may be determined 
from the following equations:
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Explicit finite difference schemesExplicit finite difference schemes
GabuttiGabutti schemescheme

This is an extension of the Lambda scheme. This allows This is an extension of the Lambda scheme. This allows 
analysis of sub and super critical flows and has been used analysis of sub and super critical flows and has been used 
for such analysis by for such analysis by FennemaFennema andand ChaudhryChaudhry (1987)(1987)

The general formulation for this scheme is comprised of The general formulation for this scheme is comprised of 
predictor and corrector parts and the predictor part is predictor and corrector parts and the predictor part is 
subdivided into two partssubdivided into two parts

TheThe --form of the equations are used the partial derivatives form of the equations are used the partial derivatives 
are replaced as follows:are replaced as follows:



Explicit finite difference schemesExplicit finite difference schemes

GabuttiGabutti scheme contscheme cont……
Taking into consideration the correct signal Taking into consideration the correct signal 
directiondirection

Predictor:Predictor:
Step1:Step1: spatial derivatives are approximated as spatial derivatives are approximated as 

follows:follows:
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Explicit finite difference schemesExplicit finite difference schemes

GabuttiGabutti scheme contscheme cont……
By substitutingBy substituting

Step2: in this part of the predictor part we use the Step2: in this part of the predictor part we use the 
following finitefollowing finite--difference approximations:
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Explicit finite difference schemesExplicit finite difference schemes
GabuttiGabutti scheme contscheme cont……
Corrector:Corrector: in this part the predicted values are used in this part the predicted values are used 

and the corresponding values of coefficients and and the corresponding values of coefficients and 
approximate the spatial derivatives by the following approximate the spatial derivatives by the following 
finite differences:finite differences:

The values at k+1 time step may be determined The values at k+1 time step may be determined 
from the following equations:
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Implicit finite difference schemesImplicit finite difference schemes

In this scheme of implicit finite difference, the spatial In this scheme of implicit finite difference, the spatial 
partial derivatives and/or the coefficients are replaced in partial derivatives and/or the coefficients are replaced in 
terms of the values at the unknown time levelterms of the values at the unknown time level

The unknown variables are implicitly expressed in the The unknown variables are implicitly expressed in the 
algebraic equations, this methods are called implicit algebraic equations, this methods are called implicit 
methods.methods.

Several implicit schemes have been used for the analysis of Several implicit schemes have been used for the analysis of 
unsteady open channel flows. The schemes are discussed unsteady open channel flows. The schemes are discussed 
one by one.one by one.



Implicit finite difference schemesImplicit finite difference schemes

PreissmannPreissmann SchemeScheme

This method has been widely used This method has been widely used 

The advantage of this method is that the variable spatial The advantage of this method is that the variable spatial 
grid may be used grid may be used 

Steep wave fronts may be properly simulated by varying the Steep wave fronts may be properly simulated by varying the 
weighting coefficientweighting coefficient

This scheme also yields an exact solution of the linearized This scheme also yields an exact solution of the linearized 
form of the governing equations for a particular value of form of the governing equations for a particular value of xx
andand t.t.



Implicit finite difference schemesImplicit finite difference schemes

PreissmannPreissmann Scheme contScheme cont……
General formulation of the partial derivatives and General formulation of the partial derivatives and 
other coefficients are approximated as follows:other coefficients are approximated as follows:
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Implicit finite difference schemesImplicit finite difference schemes

PreissmannPreissmann SchemeScheme

WhereWhere is a weighting coefficient and f refers to unknown is a weighting coefficient and f refers to unknown 
variables and coefficients.variables and coefficients.

By selecting a suitable value for By selecting a suitable value for , the scheme may be , the scheme may be 
made totally explicit (made totally explicit ( =0) or implicit (=0) or implicit ( =0)=0)

The scheme is stable if 0.55< The scheme is stable if 0.55< 11



AssignmentsAssignments
1.1. A large flat steel plate is 2 cm thick. If the initial A large flat steel plate is 2 cm thick. If the initial 

temperature within the plate are given, as a function of temperature within the plate are given, as a function of 
the distance from one face, by the equations the distance from one face, by the equations 

forfor

forfor
Find the temperatures as a function of x and t if both Find the temperatures as a function of x and t if both 
faces are maintained at 0 degree centigrade. The one faces are maintained at 0 degree centigrade. The one 
dimensional heat flow equation is given as followsdimensional heat flow equation is given as follows

TakeTake k=0.37 ck=0.37 c =0.433.=0.433.
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AssignmentsAssignments
2. Solve for the temperature at 2. Solve for the temperature at t=2.06t=2.06 sec in the 2sec in the 2--cm thickcm thick

steel slab of problem (1) if the initial temperatures are steel slab of problem (1) if the initial temperatures are 
given by given by 

Use the explicit method with Use the explicit method with x=0.25x=0.25 cm. compare to the cm. compare to the 
analytical solution:analytical solution:

3. Using Crank3. Using Crank--NicolsonNicolson method, solve the following equation method, solve the following equation 

Solve this when                         subject to conditions Solve this when                         subject to conditions 

TakeTake x=0.2, k=0.37 cx=0.2, k=0.37 c =0.433.=0.433. solve for five time steps.solve for five time steps.
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