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IntroductionIntroduction
For most of the practical implications, the flow For most of the practical implications, the flow 
conditions in a gradually varied flow are required to conditions in a gradually varied flow are required to 
calculate.calculate.
These calculations are performed to determine the These calculations are performed to determine the 
water surface elevations required for the planning, water surface elevations required for the planning, 
design, and operation of open channels so that the design, and operation of open channels so that the 
effects of the addition of engineering works and the effects of the addition of engineering works and the 
channel modifications on water levels may be channel modifications on water levels may be 
assessedassessed
Also steady state flow conditions are needed to Also steady state flow conditions are needed to 
specify proper initial conditions for the computation specify proper initial conditions for the computation 
of unsteady flowsof unsteady flows



IntroductionIntroduction
Improper initial conditions introduce false Improper initial conditions introduce false 
transients into the simulation, which may lead to transients into the simulation, which may lead to 
incorrect resultsincorrect results

It is possible to use unsteady flow algorithms It is possible to use unsteady flow algorithms 
directly to determine the initial conditions by directly to determine the initial conditions by 
computing for long simulation timecomputing for long simulation time

However, such a procedure is computationally However, such a procedure is computationally 
inefficient and may not converge to the proper inefficient and may not converge to the proper 
steady state solution if the finitesteady state solution if the finite--difference scheme difference scheme 
is not consistent is not consistent 



IntroductionIntroduction

Various methods to compute gradually varied flows Various methods to compute gradually varied flows 
are required to developare required to develop

Methods, which are suitable for a computer Methods, which are suitable for a computer 
solution, are adoptedsolution, are adopted

Traditionally there are two methodsTraditionally there are two methods--direct and direct and 
standard step methodsstandard step methods

Higher order accurate methods to numerically Higher order accurate methods to numerically 
integrate the governing differential equation are integrate the governing differential equation are 
requiredrequired



Equation of gradually varied flowEquation of gradually varied flow
Consider the profile of gradually varied flow in the elementary Consider the profile of gradually varied flow in the elementary lengthlength
dxdx of an open channel. of an open channel. 
The total head above the datum at the upstream section  isThe total head above the datum at the upstream section  is

H= total headH= total head
z = vertical distance of the channel bottom above the datumz = vertical distance of the channel bottom above the datum
d= depth of flow section d= depth of flow section 
= bottom slope angle= bottom slope angle
= energy coefficient= energy coefficient

V= mean velocity of flow through the section
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Equation of gradually varied flowEquation of gradually varied flow
DifferentiatingDifferentiating

The energy slope,The energy slope,
The slope of the channel bottom, The slope of the channel bottom, 
Substituting these slopes in above equations and Substituting these slopes in above equations and 
solving for solving for dd/dxdd/dx ,,

g
V

dx
d

dx
dd

dx
dz

dx
dH

2
cos

2

dxdHS f /
dxdzS /sin0

ddgVd

SS
dx
dd f

/)2/(cos 2
0



Equation of gradually varied flowEquation of gradually varied flow

This is the general differential equation for This is the general differential equation for 
gradually varied flow gradually varied flow 
For small For small ,, coscos 11,, dd yy, and , and dd/dxdd/dx dy/dxdy/dx, thus the , thus the 
above equation becomes,above equation becomes,

SinceSince V=Q/AV=Q/A, and , and dA/dydA/dy=T=T, the velocity head term may , the velocity head term may 
be expressed as
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Equation of gradually varied flowEquation of gradually varied flow

Since,Since,
The above may be written asThe above may be written as

Suppose that a critical flow of discharge equal to Suppose that a critical flow of discharge equal to 
Q occurs at the section;Q occurs at the section;

After substituting After substituting 
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Equation of gradually varied flowEquation of gradually varied flow
When the ManningWhen the Manning’’s formula is used, the energy s formula is used, the energy 
slope is slope is 

When the When the ChezyChezy formula is used, formula is used, 

In general form,In general form,
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Computation of gradually varied Computation of gradually varied 
flowsflows

The analysis of continuity, momentum, and energy The analysis of continuity, momentum, and energy 
equations describe the relationships among various flow equations describe the relationships among various flow 
variables, such as the flow depth, discharge, and flow variables, such as the flow depth, discharge, and flow 
velocity throughout a specified channel lengthvelocity throughout a specified channel length

The channel cross section, Manning n, bottom slope, and The channel cross section, Manning n, bottom slope, and 
the rate of discharge are usually known for these steadythe rate of discharge are usually known for these steady--
statestate--flow computations.flow computations.

The rate of change of flow depth in gradually varied flows is The rate of change of flow depth in gradually varied flows is 
usually small, such that the assumption of hydrostatic usually small, such that the assumption of hydrostatic 
pressure distribution is validpressure distribution is valid



Computation of gradually varied Computation of gradually varied 
flowsflows

The graphicalThe graphical--integration method:integration method:
Used to integrate dynamic equation graphicallyUsed to integrate dynamic equation graphically
Two channel sections are chosen at xTwo channel sections are chosen at x11 and xand x22
with corresponding depths of flow ywith corresponding depths of flow y11 and yand y22,,
then the distance along the channel floor isthen the distance along the channel floor is

Assuming several values of y, and computing Assuming several values of y, and computing 
the values of the values of dx/dydx/dy
A curve of y against A curve of y against dx/dydx/dy is constructedis constructed
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Computation of gradually varied Computation of gradually varied 
flowsflows

The value of x is equal to the shaded area formed by the The value of x is equal to the shaded area formed by the 
curve, ycurve, y--axis, and the ordinates of axis, and the ordinates of dx/dydx/dy corresponding to corresponding to 
yy11 and yand y22..

This area is measured and the value of x is determined.This area is measured and the value of x is determined.
It applies to flow in prismatic as well as nonIt applies to flow in prismatic as well as non--prismaticprismatic
channels of any shape and slopechannels of any shape and slope

This method is easier and straightforward to follow.This method is easier and straightforward to follow.



Computation of gradually varied Computation of gradually varied 
flowsflows

Method of direct integrationMethod of direct integration

Gradually varied flow cannot be expressed Gradually varied flow cannot be expressed 
explicitly in terms of y for all types of channel explicitly in terms of y for all types of channel 
cross section cross section 

Few special cases has been solved by Few special cases has been solved by 
mathematical integration mathematical integration 



Use of numerical integration for Use of numerical integration for 
solving gradually varied flowssolving gradually varied flows

Total head at a channel section may be written asTotal head at a channel section may be written as

WhereWhere
HH = elevation of energy line above datum; = elevation of energy line above datum; 
zz =elevation of the channel bottom above the datum; =elevation of the channel bottom above the datum; 
yy = flow depth;= flow depth;
VV = mean flow velocity, and = mean flow velocity, and 

=velocity=velocity--head coefficienthead coefficient
The rate of variation of flow depth, y, with respect to The rate of variation of flow depth, y, with respect to 
distance x is obtained by differentiating the above equationdistance x is obtained by differentiating the above equation.
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Solution of gradually varied flowsSolution of gradually varied flows

ConsiderConsider xx positive in the downstream flow positive in the downstream flow 
directiondirection

By differentiating the above energy equation, we By differentiating the above energy equation, we 
get the water surface profile asget the water surface profile as

The above equation is of first order ordinary The above equation is of first order ordinary 
differential equation, in which differential equation, in which xx is independent is independent 
variable and variable and yy is the dependent variable.
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Solution of gradually varied flowsSolution of gradually varied flows

In the above differential equation for gradually varied In the above differential equation for gradually varied 
flows, the parameters are as given below: flows, the parameters are as given below: 

xx = distance along the channel (positive in = distance along the channel (positive in 
downward direction)downward direction)

SS00 = longitudinal slope of the channel bottom= longitudinal slope of the channel bottom
SSff = slope of the energy line= slope of the energy line
BB = top water surface width= top water surface width
gg = acceleration due to gravity= acceleration due to gravity
AA = flow area= flow area
QQ = rate of discharge= rate of discharge



Solution of gradually varied flowsSolution of gradually varied flows

The right hand of the above equation shows that it The right hand of the above equation shows that it 
is a function of is a function of xx andand yy, so assume this function, so assume this function
asas f(x,y)f(x,y), then we can write above equation as, then we can write above equation as

In which, In which, 

We can integrate above differential equation to We can integrate above differential equation to 
determine the flow depth along a channel length , determine the flow depth along a channel length , 
wherewhere f(x,y)f(x,y) is nonlinear function. So the numerical is nonlinear function. So the numerical 
methods are useful for its integration.
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Solution of gradually varied flowsSolution of gradually varied flows

These methods yields flow depth discretelyThese methods yields flow depth discretely
To determine the value To determine the value yy22 at distance at distance xx22, we , we 
proceed as followsproceed as follows

The above integration yields..
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Solution of gradually varied flowsSolution of gradually varied flows

We the We the yy values along the downstream if values along the downstream if dxdx isis
positive and upstream values if positive and upstream values if dxdx is negativeis negative

We numerically evaluate the integral termWe numerically evaluate the integral term

Successive  application  provides the water surface Successive  application  provides the water surface 
profile in the desired channel lengthprofile in the desired channel length

To determine To determine xx22 where the flow depth will be where the flow depth will be yy22,,
we proceed as follows:we proceed as follows:
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Solution of gradually varied flowsSolution of gradually varied flows
In whichIn which

Integrating the above differential equation we get,Integrating the above differential equation we get,

To compute the water surface profile, we begin the To compute the water surface profile, we begin the 
computations at a location where the flow depth for the computations at a location where the flow depth for the 
specified discharge is knownspecified discharge is known

We start the computation at the downstream control We start the computation at the downstream control 
section if the flow is subsection if the flow is sub--critical and proceed in the critical and proceed in the 
upstream direction.
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Solution of gradually varied flowsSolution of gradually varied flows

In supercritical flows, however, we start at an upstream In supercritical flows, however, we start at an upstream 
control section and compute the profile in the downstream control section and compute the profile in the downstream 
directiondirection

This is due to the fact that the flow depth is known at only This is due to the fact that the flow depth is known at only 
control section, we proceed in either the upstream or control section, we proceed in either the upstream or 
downstream direction.downstream direction.

In the previous sections we discussed how to compute the In the previous sections we discussed how to compute the 
locations where a specified depth will occurlocations where a specified depth will occur

A systematic approach is needed to develop for these A systematic approach is needed to develop for these 
computationscomputations

A procedure called A procedure called direct step methoddirect step method is discussed below is discussed below 



Solution of gradually varied flowsSolution of gradually varied flows

Direct step methodDirect step method
Assume the properties of the channel section are known Assume the properties of the channel section are known 
then,then,

In addition, the specific energyIn addition, the specific energy

The slope of the energy grade line is gradually varied flow The slope of the energy grade line is gradually varied flow 
may be computed with negligible error by using the may be computed with negligible error by using the 
corresponding formulas for friction slopes in uniform flow.corresponding formulas for friction slopes in uniform flow.
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Solution of gradually varied flowsSolution of gradually varied flows

The following approximations have been used to The following approximations have been used to 
select representative value of select representative value of SSff for the channel for the channel 
length between section 1 and 2length between section 1 and 2
Average friction slopeAverage friction slope

Geometric mean friction slopeGeometric mean friction slope

Harmonic mean friction slope
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Solution of gradually varied flowsSolution of gradually varied flows

The friction loss may be written as The friction loss may be written as 

From the energy equation we can write,From the energy equation we can write,

Writing in terms of bed slopeWriting in terms of bed slope

Now from the above equation, the location of section 2 is Now from the above equation, the location of section 2 is 
known.
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Solution of gradually varied flowsSolution of gradually varied flows

This is now used as the starting value for the next This is now used as the starting value for the next 
stepstep

Then by successively increasing or decreasing the Then by successively increasing or decreasing the 
flow depth and determining where these depths will flow depth and determining where these depths will 
occur, the water surface profile in the desiredoccur, the water surface profile in the desired
channel length may be computed channel length may be computed 

The direction of computations is automatically taken The direction of computations is automatically taken 
care of if proper sign is used for the numerator and care of if proper sign is used for the numerator and 
denominatordenominator



Solution of gradually varied flowsSolution of gradually varied flows

The disadvantages of this method areThe disadvantages of this method are

1.1. The flow depth is not computed at predetermined The flow depth is not computed at predetermined 
locations. Therefore, interpolations may become locations. Therefore, interpolations may become 
necessary, if the flow depths are required at specified necessary, if the flow depths are required at specified 
locations. Similarly, the crosslocations. Similarly, the cross--sectional information has to sectional information has to 
be estimated if such information is available only at the be estimated if such information is available only at the 
given locations. This may not yield accurate resultsgiven locations. This may not yield accurate results

2.2. Needs additional effortNeeds additional effort

3.3. It is cumbersome to apply to nonIt is cumbersome to apply to non--prismatic channelsprismatic channels



Solution of gradually varied flowsSolution of gradually varied flows
Standard step methodStandard step method

When we require to determine the depth at specified When we require to determine the depth at specified 
locations or when the channel cross sections are available locations or when the channel cross sections are available 
only at some specified locations, the direct step method is only at some specified locations, the direct step method is 
not suitable enough to apply and in these cases standard not suitable enough to apply and in these cases standard 
step method is appliedstep method is applied

In this method the following steps are followed :In this method the following steps are followed :

Total head at section 1Total head at section 1

g
VyzH

2

2
11

111



Solution of gradually varied flowsSolution of gradually varied flows
Total head at section 2Total head at section 2

Including the expression for friction loss Including the expression for friction loss hhff

Substituting the total head at 2 in terms of Substituting the total head at 2 in terms of 
different heads, we obtain

fhHH 12
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Solution of gradually varied flowsSolution of gradually varied flows
In the above equation. In the above equation. AA22 andand SSf2f2 are functions of are functions of yy22, and all , and all 
other quantities are either known or already have been other quantities are either known or already have been 
calculated at section 1.calculated at section 1.

The flow depth The flow depth yy22 is then determined by solving the is then determined by solving the 
following nonlinear algebraic equation:following nonlinear algebraic equation:

The above equation is solved for The above equation is solved for yy22 by a trial and error by a trial and error 
procedure or by using the Newton or Bisection methodsprocedure or by using the Newton or Bisection methods
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Solution of gradually varied flowsSolution of gradually varied flows

Here the Newton method is discussed.Here the Newton method is discussed.
For this method we need an expression for For this method we need an expression for dF/dydF/dy22

The last term of the above equations can be The last term of the above equations can be 
evaluated asevaluated as
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Solution of gradually varied flowsSolution of gradually varied flows

HereHere dAdA22/dy/dy22 is replaced by is replaced by BB22 in the above in the above 
equation and substituting for this expressionequation and substituting for this expression

By using By using y=yy=y11,, dy/dxdy/dx=f(x=f(x11,y,y11)) , then the flow depth, then the flow depth
, can be computed from the equation , can be computed from the equation 

During subsequent step, howeverDuring subsequent step, however may be may be 
determined by extrapolating the change in flow determined by extrapolating the change in flow 
depth computed during the preceding step.depth computed during the preceding step.
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Solution of gradually varied flowsSolution of gradually varied flows

A better estimate for A better estimate for yy22 can be computed from the can be computed from the 
equationequation

IfIf is less than a specified tolerance, is less than a specified tolerance, , then , then 
is the flow depth is the flow depth yy22, at section 2; otherwise, , at section 2; otherwise, 

setset and repeat the steps until a solution and repeat the steps until a solution 
is obtainedis obtained
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Solution of gradually varied flowsSolution of gradually varied flows

Integration of differential equationIntegration of differential equation

For the computation of the water surface profile by For the computation of the water surface profile by 
integrating the differential equation, the integration has to integrating the differential equation, the integration has to 
be done numerically, since be done numerically, since f(x,yf(x,y)) is a nonlinear function is a nonlinear function 

Different numerical methods have been developed to Different numerical methods have been developed to 
solve such nonlinear system efficiently solve such nonlinear system efficiently 

The numerical methods that are in use to evaluate the The numerical methods that are in use to evaluate the 
integral term can be  divided into following categories:integral term can be  divided into following categories:

1.1. SingleSingle--step methodsstep methods
2.2. PredictorPredictor--corrector methods corrector methods 



Solution of gradually varied flowsSolution of gradually varied flows
The single step method is similar to direct step method and The single step method is similar to direct step method and 
standard step methodstandard step method

The unknown depths are expressed in terms of a function The unknown depths are expressed in terms of a function 
f(x,yf(x,y),), at a neighboring point where the flow depth is either at a neighboring point where the flow depth is either 
initially known or calculated during the previous stepinitially known or calculated during the previous step

In the predictorIn the predictor--corrector method the value of the unknown corrector method the value of the unknown 
is first predicted from the previous stepis first predicted from the previous step

This predicted value is then refined through iterative process This predicted value is then refined through iterative process 
during the corrector part till the solution is reached by the during the corrector part till the solution is reached by the 
convergence criteriaconvergence criteria



Solution of gradually varied flowsSolution of gradually varied flows

1. Euler method: 1. Euler method: In this method the rate of variation of y In this method the rate of variation of y 
with respect to with respect to xx at distance at distance xxii can be estimated ascan be estimated as
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Euler methodEuler method

Modified Euler methodModified Euler method

Improved Euler methodImproved Euler method

FourthFourth--orderorder RungeRunge--KuttaKutta methodmethod



Solution of gradually varied flowsSolution of gradually varied flows

The rate of change of depth of flow in a gradually varied The rate of change of depth of flow in a gradually varied 
flow is given as belowflow is given as below

All the variables are known in the right hand side, so All the variables are known in the right hand side, so 
derivative of derivative of yy with respect to with respect to xx can be obtainedcan be obtained
Assuming that this variation is constant in the interval Assuming that this variation is constant in the interval xxii toto
xxi+1i+1, then the flow depth at , then the flow depth at xxi+1i+1 can be computed from the can be computed from the 
equation
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Solution of gradually varied flows cont..Solution of gradually varied flows cont..

2. Modified Euler method2. Modified Euler method
We may also improve theWe may also improve the accuracy of the Euler method by accuracy of the Euler method by 

using the slope of the curve                  atusing the slope of the curve                  at andand

, in which                      and, in which                      and ..

Let us call this slope          . Then Let us call this slope          . Then 

This method, called the modified Euler method, is secondThis method, called the modified Euler method, is second--
order accurate.order accurate.
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Solution of gradually varied flows cont..Solution of gradually varied flows cont..
3. Improved Euler method3. Improved Euler method
Let us call the flow depth at           obtained by using Euler Let us call the flow depth at           obtained by using Euler 
method as         i.e.,method as         i.e.,

By using this value, we can compute the slope of the curveBy using this value, we can compute the slope of the curve
at                , i.e.,at                , i.e., . Let us . Let us 

use the average value of the slopes of the curve at        anduse the average value of the slopes of the curve at        and
. Then we can determine the value of          from the . Then we can determine the value of          from the 

equation                            .  This equation may be equation                            .  This equation may be 

written as                                               . This written as                                               . This methodmethod
called the improved Euler method, is second order accurate.called the improved Euler method, is second order accurate.
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Solution of gradually varied flows cont..Solution of gradually varied flows cont..

4. Fourth4. Fourth--orderorder RungeRunge KuttaKutta MethodMethod
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Solution of gradually varied flows cont..Solution of gradually varied flows cont..

PredictorPredictor--corrector methodscorrector methods
In this methodIn this method we predict the unknown flow depth first, we predict the unknown flow depth first, 
correct this predicted value, and then recorrect this predicted value, and then re--correct this correct this 
corrected value. This iteration is continued till the desired corrected value. This iteration is continued till the desired 
accuracy is met. accuracy is met. 
In the predictor part, let us use the Euler method to In the predictor part, let us use the Euler method to 
predict the value of predict the value of yyi+1i+1, I.e, I.e

we may correct using the following equationwe may correct using the following equation
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Solution of gradually varied flows cont..Solution of gradually varied flows cont..

Now we may reNow we may re--correct y again to obtain a better correct y again to obtain a better 
value:value:

Thus the j Thus the j thth iteration is iteration is 

Iteration until                       , where Iteration until                       , where = specified = specified 
tolerancetolerance
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SaintSaint--VenantVenant equationsequations
1D gradually varied unsteady flow in an open 1D gradually varied unsteady flow in an open 
channel is given by Saintchannel is given by Saint--VenantVenant equationsequations

XX -- distance along the channel, t distance along the channel, t -- time, vtime, v-- averageaverage
velocity, y velocity, y -- depth of flow, adepth of flow, a-- cross sectional area, w cross sectional area, w 
-- top width, Stop width, Soo-- bed slope, bed slope, SSff -- friction slope

0
t
yw

x
yvw

x
va

)( fo SSg
t
v

x
yg

x
vv

friction slope



Saint Venant equationsSaint Venant equations

Friction slopeFriction slope

rr -- hydraulic radius, nhydraulic radius, n--ManningManning’’s roughness s roughness 
coefficientcoefficient

Two nonlinear equations in two unknowns v and y Two nonlinear equations in two unknowns v and y 
and two dependent variables x and t and two dependent variables x and t 

These two equations are a set of hyperbolic partial These two equations are a set of hyperbolic partial 
differential equations
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SaintSaint--VenantVenant equationsequations
Multiplying 1Multiplying 1stst equation by                and adding it equation by                and adding it 
to 2to 2ndnd equation yieldsequation yields

The above equation is a pair of equations along The above equation is a pair of equations along 
characteristics given bycharacteristics given by

Based on the equations used, methods are Based on the equations used, methods are 
classified as characteristics methods and direct classified as characteristics methods and direct 
methods.methods.
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FD methods for Saint Venant equationsFD methods for Saint Venant equations

The governing equation in the conservation The governing equation in the conservation 
form may be written in matrix form as form may be written in matrix form as 

In whichIn which

General formulation
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ContinuedContinued……
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Boundary conditions:Boundary conditions:

Downstream boundary:Downstream boundary:

Left boundaryLeft boundary y=y=yyuu= uniform flow depth= uniform flow depth
v=vv=vuu= uniform velocity = uniform velocity 

Right boundary Right boundary y=y=yycc= Critical flow depth= Critical flow depth
v=v=vvcc= Critical velocity

resd
n
ji yy 1

1,

= Critical velocity
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Stability: unconditionally stable provided Stability: unconditionally stable provided 
>0.5, i.e., the flow variables are weighted >0.5, i.e., the flow variables are weighted 

toward the n+1 time level.toward the n+1 time level.

Unconditional stability means that there is no Unconditional stability means that there is no 
restriction on the size of restriction on the size of xx andand tt forfor
stabilitystability



Solution procedureSolution procedure

The expansion of the equationThe expansion of the equation……

The above set of nonlinear algebraic equations The above set of nonlinear algebraic equations 
can be solved by Newtoncan be solved by Newton--RaphsonRaphson method
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AssignmentsAssignments
1. Prove the following equation describes the 1. Prove the following equation describes the 

gradually varied flow in a channel having variable gradually varied flow in a channel having variable 
cross section along its length: cross section along its length: 

2. Develop computer programs to compute the 2. Develop computer programs to compute the 
waterwater-- surface profile in a trapezoidal channel surface profile in a trapezoidal channel 
having a free having a free overfalloverfall at the downstream end. To at the downstream end. To 
compute the profile, use the following methods:compute the profile, use the following methods:

(i)(i) Euler methodEuler method
(ii)(ii) Modified Euler methodModified Euler method
(iii)(iii) FourthFourth--orderorder RungeRunge--KuttaKutta method
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AssignmentsAssignments

3. Using method of characteristics, write a 3. Using method of characteristics, write a 
computer program to solve 1D gradually computer program to solve 1D gradually 
varied unsteady flow in an open channel as varied unsteady flow in an open channel as 
given by Saintgiven by Saint--Venant equations, assuming Venant equations, assuming 
initial and boundary conditions.initial and boundary conditions.


