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Introduction

[For moest of the practical implications, the filow
conditions inargradually: varieal flow: are required! toe
calculate.

These, calculations are performed! tordetermine the
Water suriace; elevations reguired fior' the planning,
design, and operation o open: chamnnels so that the
effiects off the addition 6if engineering Works and the
channelimodifications on Water Ievels, may: be
assessed

Also steady: state flow: conditions are needed to
SPECIfy. proper Initial conditions for the, computation
of unsteady: flows




Introduction

Improper initial conditions intreduce false
transients into the simulation, Which may’lead to
Incorrect results

It IS possible; o) use unsteady. flow: algerithms

directly terdetermine the; initiall conditions by,
computing fer leng simulation: time

IHOWeVver, sUch' al proceduré; is computationally
Inefficient and may: Not converge to the proper
steady state selution if the finite-difference scheme
IS Not consistent:




Introduction

Variousi methods torcompute gradually: varied flows
dre required to develep

Methods, WhICh are suitable for ar computer
spjution, are adepted

Tiraditionally’ there; are two methods-airect and
standard step metnods

IHigher order accurate methods tor numerically
iIntegrate the governing dififerential equation are

required




Equation of gradually: varied filow

Consider the profile off gradually varied flow: in the elementary’ length
dx off an open chiannel.
Tihe total head above the datum atithe; Upstieam Secuon IS

V2
H=z+dcosO +a—

2g

H= total head
z = vertical distance ofi the channel bottomi above the datum

d= depth of flow section
0= bottom slepe angle

o= energy: coefficient
V/="mean velocity of flow: through the section




Equation off gradually’ varied: flow
Diffierentiating

e energy’ Slope,

Iihe slepe of the, chanmnel bottom,

Supstitutingl these sIopes inf above equations and
seIVINgG fior da/dax:,

dd S()—Sf
dx cos@+ad(V2/2g)/ dd




Equation off gradually’ varied: flow

This Is the general differentialieguation for
dradually: varied fiow

For small &, cost=1, d =y, and dd/dx = dy/dx, thus the
aboye cquation becomes,

N+ ad(V?/29)/ dy

Sinee V=0/A, and dA/dy=T, the velocity head term may
beexpressed as




Equation off gradually’ varied: flow

Since, FERVLk

The aboeve may be written as

SUppoese that a criticall flow: of discharge edual te
@ occurs at the; section;

Afterssubstituting




Equation of gradually: varied filow

When the Manning's fermula is Used| the energy

Slope IS
} n2V2

S, =
Y T

When the Chezy: formula isi used,




Computation of gradually varied
flows

ihe analysis of continuity, momentum), and energy,
equationsdescribe the relationships amongl Various) flow
Variables) such as the flow depth, discharge, anal flow.
velocity throughout a  speciiied channel length

Iihe chiannel cress section, Manning n, bottom: slepe, and
the rate off discharge are; usually’ knewn fior these steady-
state-flew: computations.

The rate of: chamnge of flow: depth ini gradually: varied flows;Is
usually: small, suchithat the assumption off hydrostatic
pressure distribution is valid




Computation of gradually varied
flows

The graphical-integration method:
Used to/integrate; dynamic equation graphically

Twe) channell SECLIoNS are choseniat Xy and X;
With' correspenaing deptins off low! Y andiys,

theni the distance’along the channel flooris
X=Xy — X =xj2dx=yj2£dy
X1 N dy
AsSUmIng several valuesiofy, and computing
the values ofi ax7ay;

A cuUrve of V. adainst ax/dy/is constructed




Computation of gradually varied
flows

The value ofi X Is egual te the; shaded area formed by the
curve, y-axis;, and the ordinates of ax7ay corresponding to

V1 anaiys.

IS area Isimeasured and the value ofi X Is determined.

It applies to flow! In prismatic as well'as non-prismatic
chamnnels off any: shape and SIope

hisimethod is easier and straightierward terfiollow.




Computation of gradually varied
flows

Method of direct integration

Gradually’ varied flow: cannot be expressed

explicitly’ in terms of V. for: all types) off channel
Cli@SS| SECLIoN

[FeW Speciall cases has been splved by
mathematicall integration




Use of humerical integration for
solving gradually varied flows

Tiotal head at a chanmnel section may: be Wiritten: as

2
v
H=z+y+a

2g
Where

/= elevation of energy. line above, datum;

Z =elevation off the channel bettom| above the dattms
y = flow depth;

l//="mean flow velocity, and

o, =Velocity-head! coefficient

The rate of variation of flow: depth, Yy, with respect to
distance x Is obtained by differentiating the above eguation.




Solution of gradually: varied! flows

Consider x-positive in the downstream filow
direction

By diffferentiating| the above energy: equation, we
det the water surfiace profileras

- (a0?B) (gd)

he above equation IS of first order ordinary.
diffierential eguation, In WhIchI x-S Independent:
variable and y/is the dependent variable.




Solution of gradually: varied! flows

In the above differential’equation fer dradually: varied
flows, the parameters are as given: below:

X = distance along the channel (pesitive in
downward direction)

5= lengitudinali slepe; of tiie channel bettom
S¢=1slope off the energy.line

5 = tep water surface width

g = dcceleration’ due; to gravity.

A= flow' area

O'= rate of discharge




Solution of gradually: varied! flows

The rightihanadl el the above eguation; snows that it
IS a filunction! of x.and y; se assume this filnection
as /() then we; canl Wiite aboyve equation: as

In which,
So =S¢

1 - (aQ*B)/(g4°)

We canlintegrate above! dififerential eguation to
determine the flow depthralong aichannel lengthr,
Where /(x y))Is nonlineéar function. Sos the numerical
methods are useful for'its integration.

f(x,y)=




Solution of gradually: varied! flows

These methods)yields;filow: depth discretely

Tordetermine; the value y~ at distance X<, We
Proceed as fellows
V2 X

[dy=[f(x,y)dx

N X1

The aboeve Integration yields..

X9

va=y1+ [f(x,y)dx

X1




Solution: off gradually: varied flows

We the yvalues along the downstreami ifi ax:Is
positive and upstream Values iff ax s negative

We numerically: evaltiate the integraliterm

Successive application: provides; the water surface
profile in the desired channel length

Tordetermine x2where the flow: depth will'be y~,
WE| proceed! as follows:




Solution of gradually varied! flows

Inrwhich 1 (OleB) /(gA3)

F(x,y)=
(%, ) 5,5

Integrating| the; above differentialleguation We) get,

%)
Xy =x) + [F(x,y)dy
N

o compute tie water surface profile, we begin the

computations at'a lecation Where the flow depth for the
specified diseharge istknown

We start the;computation at the downstream contiriol
section It the flow! Is sub-criticall and proceed ini the
Uupstream: direction.




Solution of gradually’ varied: flows

In supercriticali flows, however, we start atian; Upstream
glontrol section and compute; the profile inf the dewnstream
IFECtion

This Is due to the fact that the flew: depthiis known| at enly:
control section, We proceediin either the upstream; or
downstream directions

In the previous sections we discussed: how! to compute the
locations where al specifiedl depthn will' ocecur:

A systematic approachiis needed to, develop: for these
computations

A procedure called! ajrect step. metiod s discussed: below




Solution off gradually: varied filows

Direct step. method.

AsSSUmE the properties of the channell section| are; known

then,
zp =21 = Sp(xp — x1)

In addition; the Specific eneray.

2 2
0214 0514
V1T B, =y, + %22

Eiy=y+
1= 2g 29

Tihe slope of the energy: grade; line is gradually: varied flow
may. be computed with negligible error by using| the
corresponding formulas for friction slopes in uniform; flow.




Solution of gradually: varied! flows

he fellowing appreximations have been' used to
select representativevalue; off S fer the channel
length betweenrsection 1 and 2

AVErade friction slope

Geometiic mean friction slope. ErENIEe

Harmonic mean friction slope; B




Solution: off gradually: varied flows

Tihe friction loss may: be written: as

[From| therenergy: equation we can! Write,

1
Zl+E1=22+E2 +5(Sf1 +Sf2)(x2—x1)

Wiriting: in terms of: bed slope

Now! firom theabove eguation, the location of section 2. 1S
KNOWN.




Solution of gradually: varied! flows

This is now: used as the starting value, fior' the next
step

Tihen; by stccessiVely InCreasing| or decreasing the
flow: depth andl determining) Where; these: depths, will
OCCUr, the water surface profile infthe desired
channelflength  may: be computea

ihe direction of' computations: IS automatically taken
care ofi Iff proper sign Is Used fior' the nUMEerator and
denominatoer




Solution: off gradually: varied flows

lhe disadvantages of this method are

ihe flow depthlis not computed at: predetermined
locations. liherefere, interpolations may: become
necessary, Ifi the flow depthsiare required at specified
locations. Similarly, the cross-sectional information; has to
e estimated! i such information 1s available only at the
given locations. Tihis may: net yield accurate; results

Needs additional effort

It IS cumbersome tor apply: to non-prismatic chamnnels




Solution off gradually: varied filows

Standard step'method

When we; require to determine the depth at specified
locations or When the channel cross Sections are available
only. at: some; specifiedl locations, the direct steprmethod Is
net suitable’enough to apply: and inthese cases standard
step methodlis applied

In this method the following steps are followed :

Jiotal head at section 1




Solution of gradually varied! flows

Jiotal head at section 2

H2=H1—hf

Incluaing the expression fer fHction 1ess! /i

|
HZZHI_E(Sfl + 87 )Nxp = xp)

Supstituting the total'head at 2 i terms, of
different heads, we obtain

2
1 1
N ar(

+—=S8Sr (X —x))+z0—H{+=S7r(x» —x1)=0
Y2 2ol 2f2(2 1)+ 22 — Hy 2f1(2 1)




Solution of gradually: varied! flows

lin| the abeve eguation. A, and Sg ale functions of 2, and all
other guantities are; either knewn or alieady: have; been
calculated at section 1.

Tefiew depthl 5 Is then: determined by selvingl the
fellowing nenlinéar algebraic equation:

1 1
+5Sf2(x2_x1)+22_H1+3Sf1(x2_xl):()

2gA2

e above equation isiselved for y5 by al trial and' error
procedure or by using| the Newton or Bisection methods




Solution of gradually: varied! flows

IHere the Newton method IS discussed.
[FOr thisTmethod Weneed an EXpRESSIon fer ary/dys

he last term offthe above eguations) cani be
evaluated as




Solution of gradually: varied! flows

IHere aA/aysis replaceaiby: 55 inithe abeve
eguation and- substituting fior this expression

BY.USING /=¥, ayjax=i{xy, V), them the flow depth
ﬁ ., Can be computed! from the equation

*
y2 =31+ f(x1, y1)(x2 — x1)

DUringl subsequent step;, NOWEVEr may. be
determined by extrapoelating the change; in flow
depth computed during the preceding step.




Solution of gradually: varied! flows

A better’ estimate for )5 camn be computed firom|the
eqguation

If IS IESs thiani a specified tolerance; &, then

IS the flew:deptih )7, at Section| 2; Gtnerwise,

set: and! repeat: the steps until a solution
IS ebtained




Solution off gradually: varied filows

Integration of differential equation

oK the comﬁutation of the water' surface profile by
INtegrating the dififerential’ equation, the ntegration; has to
pe; done numerically, since /(x;y)'s a nenlinear function

Diffierent: numericall methods: have been developed to
selve such nenlinear system, efficiently;

ihe numerical methods! that are Nl Use to evaluate the
Integraliterm can be: divided inte fellowing categories:

Single-step methods
Predictor-corrector methods




Solution off gradually: varied filows

The single step method is similar to; direct stepr method and
standard step method

The unknown deptins are expressed inj terms ofi a function
1%V at a neighbering point Where the flow depthiis either
Initially knewn or calcllated during| the; previeus step

In the predictor-corrector method the value, of the tinknown
IS first predicted firom the previous) step

This predicted value s thenrrefined threughi Iterative process
during the corrector part till the selution| is reached by the
CONVErGENCE Criteria




Solution of gradually’ varied! flows

Single-step methods

Euler method
Modified Euler method
Improved Euler method.

Fourth-order Runge-Kutta method

1. Euler method: In thisimethod the rate off Variation: of 'y,
WIth' respect to X at distance X can be estiniated as

.:f(xi»J’i)




Solution of gradually varied! flows

[he rate of change of depth off flew: in ar gradually: varied
flow’ is giveni as; below

So =S4

[y =—-o2 S
1 - (2Q?B;) (g4 )

AllFthe variables are knowni in the fight hand: side; so
derivative; oft y With! respect to x-can be obtained

ASSUIMING that this Variation! Is constant in the interval X te
X7z tEN the flow depth at x-.; canibe computed fon the
eguation

YVivl =yi + f (%, yi)(xip1 — x;)




Solution off gradually: varied flows cont..

2. Modified Euler'method
\We may also Improve the accuracy: of the Euler method by,

using| the;slope of the curve y = y(x) at and

1

et us call this slope; §2MM . Then

Vin =Vt J’z"+1/2Ax
or
Vit = Vi v (Xii1s25 Viern JAX

This method, called the modified! Euler method, IS second-
order accurate.




Solution of gradually: varied flows cont..

3. Improved Euler method
et us call the;flow: depth at obtained! by, using Euler

methed as I'E%, samn ,
i Via = Vi +Y,Ax

By using| thisivalue, we can compute the slope off the curve

USe the average valtie oft the;slopes of the curve at and
. Then we can determine the valueiof ki from the

; Lo . .
eguation yz-+1=y,~+§(y,-+y,-+1)Ax . I'his eguation may: be

1 .
Written as Yian = Vi +E[f(xiayi)‘l'f(xmaym)]Ax : ThlS methOd
called the improved Euler method, IS second order accurate.




Solution of gradually: varied flows cont..

4. Fourth-order Runge Kutta Method

k= f(xi,yi)
| 1
ky = f(x; + EAani + Ekle)

1 1

ky = f(x; + EAan’i + Eszx)

kg = f(x; + Ax, y; + k3Ax)

1
Vi1 =Yi + g(kl + 2ky + 2k3 + kg)Ax




Solution: off gradually: varied flows cont..

Predictor-corrector methods

In  thistmethod we predict the unknewn filoew: depth first,
correct this predicted value, anal then: re-correct this
corrected valte. This iteration Is continued till'the desired
dCCUracy. Is met.

In the predictor part, Iet us use the; Euler method to
predict the valle oy, I.e

,(2{ =y;i + f(x;, ;) Ax

We may. correct usingl the fiellowing equation

=y —[f(x,-,y,-> T TCTRR I




Solution of gradually: varied flows cont..

Now: We: may. re-correct Y again te ebtain a better
Value:

P =i+ [f(xl-,y» D TCIRIUR I
Tihus the jl thriteration Is

y =y —[f(xl i)+ ity T)IAx

Iteration; until y) , Where & = specified
i+ i+l |~
telerance




Saint=Venant equations

1Drgradually varied unsteady flew:ini an 6pen
chamnel Is given by: Saint-Venant equations
ov oy oy

a—+w—+w—=0
ox ox ot

oV oy Ov
—+g—+—=g5, - 9§
o T8 T T80 5
X - distance aleng the; channel, t - time; V- averadge
Velocity, Vv - depthi or filew, a- crossi sectional area, W

- topi width, S~ bed slope, S:- friction slope




Saint Venant eguations

Friction slope

= hydraulic radius, n-Manning's roughness
coefficient

Twornenlinear equations! in: twer UnNKNeWRAS V:anadly.
andi twordependent variales X andrt

These two equations are a set of hyperbolic partial
differential eguations




Saint-Venant equations

Multiplying| 15t eguation by: and adding it
to) 214 equation yields

0 0 1| 0 0
[5+(vic)a}vi;[5+(vic)a}y—g(SO —Sf)

ihe above eguation'is al pailii off eguations along

characteristicsi given: by

Based on the eguations used, methods are
classified' as characteristics methods and direct
methods.




ED methods; fior Saint Venant equations

The; geverning equationtin the conservation
ferm’may. be writteninr matrix fiorm as

Ui+ F,+5=0

I Which

va
F= ) 3
v©a+ gay

General formulation

o U D -G A
ot At




ED methods for Saint Venant equations

Continued...

o _aUf /Y A-a)d + A7)
ox Ax Ax

f=§auﬁﬁ+ﬁ“%+%n—axﬁg+ﬁ%

1 1 At 1 1
7+ Ul =2 8- Yy -l - )

+ At[a(s;”“ S L (- a)(Sh + S,”)]

n n
=U;i +Ujy




FD methods for Saint Venant equations

Boundany: conaitions

Downstream! Dotndarny:

Lefit boundany: =y, = Uiosiiow.adepi
V=V, = UIio VEIOGILY,

RIGhE Bounaany y=y.= Critical liow. depiii
V=V, = Clitical VelociLy




ED methods; fior Saint Venant equations

Stability: Unconditionally: stable previded
a=>0.5, I.e., the flow' variables are weighted
toward the n+1 time: level.

Unconditional stability means that there isi ne
restriction on'the size off Ax:and AZTor
stability.




Solution procedure

he expansion off the eguation...

1 1 At 1 1
i val 22 ! - oot a- ot - var ]

n

— gl

i+1

At — -
(va)?Jrl + (va);.fll + 2E{a (vza + gay)nJrl (v2a + gay)?“]}

— gaAt{a[(So - Sf);-q_:_ll +(s0 — Sf)?ﬂﬂ

— gaAt{(l — a)[(so — Sf)ﬁrl +(s0 — Sf)?]}

AV ) — 2 =
+(va)i + (va), - (1-a) E{( a+gay);, —(vVa+ gay)?}

The above set off nonlinear algebraic equations
can be solved by Newton-Raphson method




Assignments

1. Prove the following eguation describes the
dradually: varied fiew inra channel having variable
Cross section aleng its length:

dy Sp—S8,+ V?/gA
& 1-(8V)/(g4)

2. Develop computer programs) o compute; the
Water- surfiace profile in a trapezoidalichamnngel
navingl a firee everiall at the downstreami end. 1o
compute the profile, use the following methods:

Euler method

Modifiedl Euler' method
Fourth-order Runge-Kutta method




Assignments

5. Using method! el characteristics, write'a
computer programi terselve; 1Drgradually;
Varied unsteady’ flow: in an open chiannelfas
given by Saint-Venant equations, assuming
initial’ and beundary conditions.




